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CHAPTER 1. USING CALCULATORS IN MATHEMATICS 

/ i x 

In this chapter you will become familiar with different kiiuis of 
calculators and you will learn how to compute with algebraic, AOS,\ 
* RPN, and arithmetic calculator l^ics. You will also learn simple 

programming^ ^ ' * 

t m • ' , 

\ * 

1.1 x Order of Operations 

Conanunication of ideas is important in mathematics. The reader ♦ 
of mathematics must understand what^ the writer* of mathematics means. 
For this reason we adopt rules for writing and reading that are general- 
ly accepted. For example, when we wrjte 

5 + 2*3 

we want all readers to ^nterpret what we have written in the* same" way 
.Of the two choices ^ 

(a) 5 + 2 * 3 -<b) 5 + 2 X 3 

t 7X3. *' "5+6 
21 U 

you would probably ch^Q^e (b), answer, 11, because you recall rules for 
order of operations. Unfortunately" a yQunger brpther or sister in el- 
ementary school or* an *dult who has not studied school mathematics (or 
has forgotten it) would probabfy choose (a). Thus rules designed to im- 
prove communication sometimes faif. We will review those rules and see 
( 

how calculators force us once again tp watch our- step. 

ORDER OF OPERATIONS RULE. Apply operations 
in the following order: * 

(1) within parentheses 

(2) exponentiation (powers and roots) 

(3) multiplication and division* 

(4) addition and ; subtraction *\ 



In order to avoid rare instances wher^ contusion might arise, some 'authors 

ERIC 
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insist upon multiplication before division. We $o net adopt that conven- 
\ ^9^> ti°n i n th *« tent. • ' 



1 



1.1 - 2 



Students sometimes remember this rule by the mnemonic*) * 

c 

Please Enter/ My Ijear Aunt*Sally. ' ^ 
Only in the absence of rule priorities do ydu. calculate left to right .> 
EXAMPLE i: Evalutte 2 • 4 2 - 6 f ^ +5*8 

Solutions ? 2*4 2 .6T l y +5«8 

,/! 3 

f 2 * 16 * 6 t i + 5 • 8 % exponentiation 

,! 

32-14+40 multiplication and division 

58 addition and' subtraction 



EXAMPLE 2. Evaluate 2 ■ 5 + 3 



10 • 2 - 3 2 



Solution: z ' 5 + 3 i * 

10 • 2 - 3 / ; • ' 

2 • 5 + 3 .* 4 exponentiation 
10 • 2 - 9 

10+12 

?0 - 9 multiplication. Note 

- " * " that the fraction bar . 

1 (vinculum) plays a role , 
\ as parentheses Thus f 

> numerator and denominator ^ 

are simplified before di- 
vision. 

Yj " " - addition and subtraction 

/ 2 division 

^ The examples have been worked out in detail. Xn practice many of these 
steps would be skipped. For example the second solution might be. re- 
corded as 

★ " I r _ 

Another example of this usage is in roots 'like Vx « Ky. T he root; symbol 
is jj and the bar is a grouping symbol. In Europe Vx + y is often writ- 
UH \f (x + y) . 

) ■ r - - 
* ' ( 
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1.1 - 3 



5 + 3 



10 «\2 - 3' 



22 

TT " 2 



Exercise Set 1.1 
1-8 Evaluate: 

(1) 2*3 + 6 

(3) 6 + 2 • 3 

(5) 7+2*5 

(7) 2 • 5*- 7 



c . 



(2) 2'(3 + 6) 

(A) (6 + 2)3 

"(6) (7 + 2)5 

(8) 2(5 + 7) 



9 - 16 Some writers use parentheses as •.'insurance" to guarantee that 
readers, will calculate* in the desired order. When it is possible 
in each of the following, write an equivalent expression without 
parentheses: 



(9) (ab) + (cd) 

,< l . l >if \ 
(13) a [b + c (d * e)] 

(15) ^f(«b) + C J d]~+ e 



r 



(10) (a + b)(c + d) 
(12) } r (f X f) 

» 

(14) ([(a + b) + cl 

< 16> . 



• 17. For each of the exercises 9, - 16, evaluate (a) the original ex- 
pression and (b) your simplified expression for the values a - 6, 
b - 3, c - 4, d - 2, e - 7, f - -1. 

!■ 

18 - 24/ Notice in the following exercises how order makes no different 
in exercises involving addition and subtraction, but seems to in 
exercises involving multiplication and division. Evaluate: 



(18) 2 -"3 4.5 
(20) -3 + (5 + i) 
(22) 2X5 MO 



s 



(19) 2 + 5-3 

(21) 2 i 10 * 5 Be careful! 
(23) 2 : (10X5) 
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1.2 Calculator Logic: Algebraic with Memory 

The calculator user must learn how to process numbers on the 
specific instrument he is using. This is iigrcrtant because of dif- 
ferences saong calculators. % In this section and the next three, we 
introduce several common calculator "logics* 1 . Most calculators 'oper- 
ate by one of then or by a minor variation. A calc^to^ user tends 
to become accustomed to the logic of his machine a^Tto prefer it. 
Indeed, each has certain advantages which ve will consider. Even if 
you will be using a calculator with a particular logic system, it is 
inptortant to know how the others work. Who knows what kind you'll be 
.using next? 



Y 



ALGEBRAIC LOGIC 

Algebraic logic is a consooti calculator 
logic. The figure displays a keyboard for 
a simple algebraic logic calculator.* (Do 
not look for a calculator with this exact die- ^ 
play as most have additional keys like 

EI 

and 

• j iTj ti^at are useful but not necfcssary to this 
(Kscuasion.) Some keys are marked viti^ common 
abbreviations: CLE - blear; STO - store, RCL 
recall, CHS - change sign. . This last key is 
sometimes marked +/~ instead. 



CLRj j STO 



0 



8 \ 



act I 



CHS 



The logic of this machine is called algebraic but it doesn't follow 
the order rules of algebra you learned in Section 1.1. Calculations are 
fed into the machine ouch as you would type them on a typewriter (without 
spaaing). Thus the multiplication 23 X 56 would be keytd 
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' i.2 - \ 



An last/ant after £he ; - 
product 



is pressed the calculator displays the 



- r 

1288* 



I Chains of operations may also be keyed directly into the 
Calculator under certain conditions . 

EXAMPLE 1. Calculate 21*32 * 61 \ 24 , 
Solution: Key: * , 

SQ0S0 '0 00 0 -EBB 

Final Display: 1708. ' , 

EXAMPLE 2. Calculate 3.1 - 5.7 + 4.6 
Solution: * % Key 



.13 □ E Q 0 □ 0 £! ;0 □ jrf g 



Display: 2.0 (or 2) 

■ '• - "f ' 

It is both interesting and useful to note that intermediate results are 
displayed on Che calculator^ at various points, in'lhese chains p£ opera- 
tions.. In Example 1, .for instance, vhen^the second [Z~| is keyed in 
the calculation the display becomes 

672 4 

which is^the product 21 * 32, the first two factors. Similarly when ' 
4 the is keyed the display changes to 



40992 



* f f 

We will not attempt to replicate calculator displays in this .text. Machines 
differ widely; most, however display numbers by lighting jrrfllling with 
* liquid some or alsl of seven small * bars W . These may'bsrseen by looking 

closely. You migKt like to determine how many different displays could be 
mad^ with these sevan bar*. 

* i i 



the result of the calculation to this point (21 X 32 x 61 - 40992) . 
In exactly .the mm way in Example 2 the intermediate ruu^t 1^ 



-2.6 



♦ 



ia ditplayed when the + it keyed. 

li should be clear that algebraic logic is fine 'for chained' com- 
putations that process left to right. But we saw in Section 1.1 that 
i * ' ' < 

many computations. do not have this simple order. Such computations 

lead to problems. To detect these problems the user oust be alert; 
to solve them ingenuity must be exercised. The user must supply the 
one thing the calculator cannot: thinking! . (This last sentence will, 
in fact, be a central message in all that follows. T~ 

Consider the calculation > 

— EXAMPLE 3. 2x3 

5x4 



We know that the answer to this calculation is 3/10 or .3, and we 
would expect the' calculator to display 0.3. You might attempt to. 



Carry this out by the following sequence. 



. @ 0 !3j ;? ! jsj |xi j4 

The remit of thle tequence'ie 4.8, the wrong antral. Can you see 
what is incorrect in the calculation? • The error it identified if the 

w 

fraction is represented differently: , t 

■ 'Hi - 2<s *ts?r v»«|< ^* 

Thus, in general, each factor of the denominator it a divisor. This 
la a ^evte/ul calculating technique to remaber. * 



1.2.- 4 



A corrected calculation Is 



; giving the conjee t result 



? i i 



1 5 J 



0.3 




V 



A nujre 'difficult problem Is presented by a calculation like: 



EXAMPLE 4. 



4» -I- 38 
85 + 96 



This time ve have no direct solution technique*. Several alternatives. - • 
are available: , 

. Solution 4-1.* Calculate 49 + 3J8. JLecord' the answer 87 on a scratch pad: 
Calculate 85 + 96. Record this answer T81. <M| 
Calculate 87 t 181. This quotient, O.4807, * 
is* the ansvft to the exercise. 

There is nothing vrong with the solution shoirahere^ but such a solva- 
tion doe^ not use jhe full povet of the calculator* I't is more than 
a matter of elegance not ^ aave to write down such intermediate an-' 
svers. Time nay ber lost and additional opportunities for error are ac- 
cumulated as you copy and reenter nuraberB. ' Use of calculator Storage 
(or memory) provides an alternative. , * 



Solution 4-2. 



r X 



Stto 



! + 



r 3 



Calculate the denominator . 181. # 



Store this number In calculator memory. 
I " Calculate the numerator . 87. 



•Results In this text will be given for 4-dlglt rpu-ding displays. 
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1.2 - 5 



RCL 



RCL 1 brings back the lumber, 
from memory. 



Exercise Set 1.2 



/ 4 



Some of these exercises call for a calculator twith slnpl^algebraic 
logic with memory. (If your calculator has parenthesis keys, do not 
use them.) - 



X 



■ s 

o 

ERIC 



1. Same four other keys that could replace 1 - \ in the calcula 
tion of Examples 1 and 2 to give the same' arfrwer. State a 



reason why you voutd not, use these substitute keys if you 
were carrying out a series of calculations. (Try calculating 
2x3 followed by 3 + 4.) ' 

\ . \ c ' 

2. One step in Solution 4-2 of the text may be eliminated. Exa- 

mine the calculation carefully in order to find the extra step. 
Check your more elegant solution on a calculator. 

3. In Solution 4-2 we calculated the denominator first. Try cal- 

culating the numerator first. What happens? (Some more 
sophisticated calculators have a key that switches the contents 
/ o^two register* to avo^d this kind of trap.) 



, / 4-10 Calcula tejQJppTing intermediate record keeping to a minima*. 
Note which\exercises^ require sy^i records. RECALL THE ORDER RULES 
FROM SECTION l,fT 



6. 



237 x 42.5 + 38.46 



23.7 t .06 x 13.2 



5. 39.42 + 861.7 * 6.03 



7: (78.^5 + 91.46) (14.08 - 27.61) 



8. 2.8 Try to find an tlcgant way to calculate this. 



9. 37.48 - 16.89 

. 64.32 



10. 



*A t 32 



37.48 - 16.89 



4. 



r 



1.2~- 6 



11. How should the answers to exercises 9 and 10 be related? 
Check this by calculation. 



12-16 Calculate. Note intermediate records. 



J 



12. 239.5 - 67.34 
(74.2)(86.3) 



13. (74.2X86.3) 
239.5 - 67.34 



14. (37.6 - 18.4) (15.2 - 83.1) (64.2 + 73.8) Beware: Sone algebraic 
calculators allow the user only to. add to or subtract $tob 
neaory. If you are using one of those calculator's, be sure' 
to clear memory before storing a second ntsaber. 



15. (37.6 ■ 18.4^(15.2 - 83. n 
64.2 + 73.8 i 



16. 4231(16.8 - 23. 4) 

(83 - 1.3752) 62.43 



N 
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1.3 



Calculator Logic: Algebraic with Parentheses * v 



The ?irtple ^addition 



of - pirentheses to the algebraic keyboard 



simplifies much^computatJlon.. ^R*e figure die- 

playa a keyboard fot a calculator operating CLR 



( ; : ) 



With thia logic. Vhich^e will call (algebraic). 

Almost all such calculators have additional 
features like, 



1 



8:9 



STO 


» 


rcl| ' 









.5 



and 



but ve restrict our dis- 



cussion to the ones shown. 



.0 



CHS i 



A quick comparison 



of 4is 



keyboard wit h the keyboard of Section- 



1.2 shows that only two keys are different 



placed by ( 



,1 

* and 



STO 



and 



RCL 



are re- 



) 



Surprisingly 'this minor modification 



makea keying tof complex calculationa much simpler. * 

The main point ^o remember: Parentheses on the calculator play 
the same role of grouping i computations that they do in algebra . There 
is, however, a difference ^n usage. The ajfcebraic expression 

- . 4 k'U + (cd - eV^ * 

would appear as the calculator expression 
\' i i(b + (cd - e)). 



Thus braces, brackets and other grouping symboli are all represented by 
the same symbols, parentheses. 



In section^ l:\ throt*h*l # 5 we will refer' to algebraic logic with 
paranthe*** a» v*lg«praic) in or^er to differentiate it from the 
algebtaic memory logic of section M.. 2. 



lb 



EXAMPLE 1. 49+38 

85 + 96 



(Recall that this was Exaaple 4 of Section 1.2) 

# 

Solution: 



4 



9 i + 




Calculate the numerator ^ 

Divided by... (Numerator displayed: 87) 

... the quantity »..( signals c calculation 
\ to be done out of sequence.) 



9 



"1 



Calculate the denominator 



Ctwpletes the calculation In parentheses 

and displays It (181) ^ 

* 

Displays the quotient of 87? 181, 0.4807 



Notice, the effect" of the right parenthesis, F) I : 



(1) It plays the tole of the 



m- 1 



key for the calculation since 



most recent left parenthesis 



and displays the resul 



(2) It "backs up" the calculation to where the left -parenthesis | 
was keyed. Thu* the calculator acts as though you had Just 
entered the calculated value of what is in parentheses. 



WARN DIG: Parentheses dp HOT represent multiplication! 



EXAMPLE 2. 

Solution: 



rA.9 (3.7.- 8.9) 



CBS 



j. : l_j jlj 



Enter the, multiplier, -4.9 

Multiplied by... (since the paren- 
theses do not carry this meaning) 
Calculates the value of the r 

egression in parentheses (-5.2) 

Displays the product of -4.9, and 
A5.2 



) 



25.48 



A modified algebr^fc logic that is closer ta the rules of 
section 1.1 is called AOS logic. The letters represent the words 
Algebraic Operating System. With AOS logic calculators the cal- 
culation \ *f "* 

3 + 5 y 7 



could be keyed left to right without parentheses. 



\ 



The calculator "remembers" when the ( ^ key is pressed that 
,nu triplication takes precedence over addition. 

. AOS calculators also require' either memory or parentheses to 
process exercises like Example 1 of page 1.3-2. On an AOS cal- 
culator ^ith parentheses the^calqulation would be exactly as given. 

y t 



la 



Exercise Set l f 3 .« 4P N 

Sevrite each of the following expressions, for (algebraic) logic: 
(a) removing parentheses that will not change the value algebraically 
0>> reaoving parentheses that will not change the value in calculator 
7 computation ~ ' ' 



(1) 

f 


3 + (5 - 7) 




(2) 


20 x (io : 5) 

• 


(3) 


(2 X 7) 
(31 - 14) 




• 


20 T (10 x 5) . 


(5) 


(8 + 7) (3,+ 5) 


..J 

3.6) / 


(6) 


(27.3 + 41.7)3.6 


(7) 


27.3 + (41.7 x 


(8) 


(41.7 * 3.6) +^27.3 


(9) 


41.7 x (3.6 + 


27.3) 1 


(10) 


(28 x 3) + 8 










((26 + 7)x 4) 



Compute with an (algebraic) calculator: 
(11) 37.8 + (.06 X 37.8) (12j^ 1.06 X 37.8 

T0631 - \l256 



(13) (2.8 ..- 4.5) 2 (16 -r 39.23) 2 (14) 26.4 



J 

4 

Calculate by algebraic-memory, by (algebraic) and by (AOS) to compare 
procedures * 

•A 

< 15 > 32 7. 84 * ( 1 6) (48.3r27.9)(79.4 - 43.7)(67.1 . 

p 264 - 189 

* * 

(17) In the song "The Twelve Days of Christmas", the lyrics begin: 

On the first day of Christmas 
*~ , My true love gate to me 

A partridge in a pear tree - ^ ♦ 

On the^ second day are given: / 
4 ^ Two French hens and a partridge 

On the third day: 

d \ Three turtle doves, two feecch hens and i partridge. 

ERIC ^ T ~ J 



Ik/lt goes \hrough tvelve days until on the twelfth, fbr example, 
she receive*: 



* % f IWelve lords- ale aping, eleven ladies vaitinfc, ... 

n~ 5*11 the way doira to J ... a partridge in a^ear 

tree 

New suppose that on Christmas day tfce lovers break up and the gifts 
r are returned one each dfj. For exeaple, on/Christnas day one of 
of the partridges might be returned, the next/ day another, the fol- 
lowing day another, the following day a French hen, and so on. When 
will all the gifts be returned? 

Set this problem up carefully and so We it by calculator. 



\ 



\ 



c 



\ <- , * 1,4 - 1 

> • — 

1.4 Calculator Logic: KPN 

** • 

Tha Utter* RPN represent Reverse Polish Notation, the country 
designated because the Polish logician J. Xukasiewict developed the 
systra. RPN is, in fact, often called tukaslevicc logic. The 
reason for the R (Reverse) is that in this notation operation sym- 
bols are applied in order that is the reverse *of what we learn in 
arithmetic and algebra. Thus 

y 

3 + 4 in RPN is 3 4 + 



Think about that notation for a minute. What would* happen if you 
keyed into any -calculator: 



E E> 



It would record/ the nuaber 34. Because of this probleu an additional 
key appears on RPN calculator keyboards, the ENTER (or ENT). key. Thus 
3 + 4 is keyed: 

4 

3 ! ]e»tI I 4 \ ■ I + i .• %<> 



i i 



L « 

On many keyboards the ENTER key is larger befcause.it is used so often. 

Why would anyone went to change ,things around like that? It turns 
out that there are good reasons. If you examine Algebraic and RPN Key- 
boards, you will see that the RPN ENTER replaces three algebraic keys:^ 



/ RPN Algebraic or AOS 



ent: = I ( 



) 



9 

ERLC 
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f 



\ 



We vill now explore bow this works. 

All calculators ai^st retain numbers and operations in 
during calcinations . (If this were not true, the calculator would 
"forget" tho 3 vfcsa you sought to add 4 to it la th« calculation 
3 + 4.) To accomplish this RFN calculators hava what is called a 
stack.* (Thie is sometimes called an automatic memory stack or ao 
operational stack.) 



, The calculator, display is the "bottom" register of the stack. 
Above it are additional registere. Hefe is a four register stack: 



REGISTER 
T 
2 
Y 
X" 



NAM^ 



r 



DISPLAY 



The stack registers are arbitrarily named T, X, Y, Z (the display 

6 • * » * 

register), as shown. 

As a number is entered in the stack it pushes other numbers up.' 
When an operation is performed the stack (usually) moves down. 
EXAMPLE 1. Add 23 and 41 



KEYS 



STACK 



23 



Step 1. When 23 is keyed, it en- 
ters the X- register in the stack 



DISPLAY 



In fact all calculators have similar stacks, oh algebraic logic cal- 
culators, for example, *the IM key or even the [ + key activate a 
^ajack. Because the stack plays a"graater role in~RPN, it. is considered 
here injtaore detail.. 
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EMI 



T 


, * 

0 


Z 


0 


Y 


23 


X 


f 






T 


0 


Z 


P 


Y 


23 


X 


. 41. 


• 




T 


0 


Z 




Y 


0 


X 


64 



Step 2. When ENTER It keyed, the 
X-register it copied into the Y- 
regieter. (Y and Z registers el- 
, so move up one level.) 

DISPLAY 



Step 3. When 41 is keyed, \t RE- 
PLACES the contents of the X- 
-register. 



DISPLAY 



Step 4. When + is keyed, it adds the 
X and Y register*. (T and Z re- 
gisters also move down one level 

^ and the T-regieter. becomes *0. ) 

DISPLAY _ 



J 



The power of the ENTER key and the steck will be shown through e second 
example, a calculation that vas a problem for us in AOS-aemory and (AOS) 
EXAMPLE 2. Calculate' 36.2 



* I 

f KEYS 


25.8 


' 2 * 3 
STACK 




T 
Z 


0 

0 


1 6 ! rr. 

[ r j > 


2; y; 


0 


< 


x ; " 


36.2 


r 

l 








' T ■ 




EHTj 

\ 

\ 


Z 
Y 
X 


0 

36.2 
36.2 



Step 1. Key in 36,2. It 
appeers in the X-register 
displey. 



DISPLAY 



Step 2. ENTER copies X 
into Y. 



DISPLAY 
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2o 



36.2 
25.8 - 28.3 



l.t - 4 



0 E □ Ef 



BHT! 



I E EE 



X 


0 


z 


> o 


Y 


36.2 


X 


25.8 




• 


I 


- 

0 


z 


36.2 


mm 
Y 


25.8 


z 


25.8 






T 


0 


z 


36.2 


Y 


25.8 


A 








T 


0 


Z 


0 


Y 


36.^ 


Z 


-2.5 



Step 3. The 25.8 replaces / 



36.2 in the X-refitcer 
display. 



DISPLAY 



Sttp 4. EHTER copies X 'into 
Y and aorta Y to Z. This 
sacond EHTER key allows us 
to ct^euliu the dtnoainator 



DISPLAY 



saparetaly. 



T Sttp 5. Tht 28.3 rap lac ts 
^25. 8 in tht X-rtgitttr' dis- 
play. Now all n^kfctrs art 
in tht stack. 

DISPUY ■ 



Sttp 6. Tht contents *of tht I* 
register la subtracted from 
tht Y-rtfrieter. Z aovaa 
desro to Y. Tht I-rtjister 

23 # 8 - 28.3 , tht value of 
tht denominator of fraction 
bting computed. 



25.8 - 18.3 



36.2 
-2.5 



\ 
36.2 
25.8 - 28.3 



T 
M 
Y 
X 



-14.48 



-14.48 



Step 7. The Y rigliup it 
divided by th. X- regie t.r 
and th* .never displayed. 



DISPLAY 



9 

ERIC 



24 



The following* diagrams wllbn|hov how the registers^change 



when various keys ere depressed^ 



i 4- t 




T 

Z 



r T 

z 

Y 



T 
Z 

Y 

X 



^Z 



clear 



ENT 

Z . z 
x X* 



cue 



T > T 

z — ► z 

Y • Y 

x E-»x 



STS 



T 

z 

Y 
X 



EH 



T 
Z 
Y 
X 



A final calculator logic which we consider only briefly is called 
Arithmetic logic. Arithmetic logic is like RPN for addition and sub- 
traction and like algebraic logic for multiplication and division. The 
easiest way to identify Arithmetic logic calculators is by the combined 
function keys 





. and 











Many business calculators operate with Arithmetic logic. We will not 
refer to it again in ^this text. 



tJ it 



Recall that if a number is keyed next 7 it will replace this. 
In RPN logic, use the ENTER key (for binary operations) 
(1) after tine first number in a calculation 
(2/ after the first number in a sub-calculation (the danomina< 
tor o* a fraction on a calculation that would be placed 
in parentheses.) 



Ejtorciss Set 1.4 



In each of tht following exercises; the stack it shown as it was 

before \hs key is depressed. Show what As, stack will be after the 
given key 14 depressed. . ^ 



1. 



+ ; 



3 



5. 



1, 



3 

r 4 



5 

BE 

CAREFUL 



9. 



□ 



2. 



6. 



10. 



1 

T 



Sat 



3. 



7. 



11. 



DO YOU. 
THUK? 



4 



35 



1 
2 



clear 



STK 



CHS 



12. 



35 



In the following exercises, show whet the stack will be after each key 
ie depressed, / 

. Mi 1 t • 

if. ;cu [Tj • |5t EE 14 §E H 0 

»-^0. 0 '* . »@E B\ B S E 
"•SB E B HQ w.^Gl] H E ; 5! ; Ei~ 



u 



! - 



1.4 - 7 



19. 



20. 
22. 
23. 
25. 
27. 
28. 



Express in algebraic form the calculetlon'ca^rled out In 

° • ■> 

exercises 14 - 18. (For example, exercise 15 Is 5 + 3.) 

..Give the RPH keystrokes for (he following computations. Then 

calculate. 

(2 + 3)4 



21. |+4 



4 + j (H&t: [T 



ENT 



EHT 



•v. 



(2 + 3) (4 + 5) . 



24 * +4 



2'+ 3 
4 + 5 



26. (2 + 3) 4*4 + 5) (6 +.7)^ 
Show a second way to -calculate exercise 26. 

' Give e keystroke sequence thet will fill the stack In the fol« 



e 


lowing way 


T 


V 






Z 


7 . J 




* 


Y 


8 






X 


8 ' DISPLAY 



if 



29 « 



30. 



Recalculate exercises 16 and 18 vlth the stack at the beginning/ 
of th e cjftfeulatfcm in the form of exercise 28 and oodttlig^rt/ 



JCLR key. This exercise should show you /that IT IS MOT NECESSARY ' 
TO CLEAR THE STACK IN ORDER TO CARRY OUTVICST CALCULATIONS. 

Use an RPN, calculator ta compute the answer to exercise 17 of 
S^on i.3 (on page 1.3 - 4). 
> 



er|c 



27 



• 1.5 - 1 

' V > ' 

\.5 Other Calculator Kevs 

We have studied differences between AOS -memory, (AOS) and RPN 
logics. Host of these dif f ercncee ^pply to binary operations, th+t 
is ojArations that confine two elements into one. Addition, subtrac- 
tion, multiplication and division are the commonest binary operations 
of arithmetic. I 

The follc*ing operatises ike unary operitione, that is operations 
thai need only one element to process. 



VK sine INT 

* cosine FRACT 

1/x ^angent ABS 

10 (We will Introduce other unary operations such 

as logy , lnx , and e v , later.) 



All calculatots process unary operations by RPN! The x-value is keyed 
into the calculator and the function key is pressed. 

EXAMPLE 1. Calculate fsT 



Keystroke sequence [T] [T\ \ 
Answer: 7 • 1414 



EXAMPLE 2. Calculate sin 30° 
Keystroke sequence* 

Answer: .5 



EXAMPLE. 3. Find eh. reciprocal of 10 2 



/ 



Keyboard sequence 1: [F fo] E^i : . 



.Keyboard sequence 2: [2] ju?J [l/> 
Ansver: .01 w> ? 



* 

Most calculators assume input to trigonometric functions to be in degrees. 
We will also unless otherwise mentioned. ^ 



ERiC \ - • *o 



f 



1.5 - 2 



* * 

In «11 cases these function keys operate on the number In the dis- 
play register. Mote that it is not necessary to depress the ENTER 
key on an RFN-ealculator before using these functions. For any 
unary function the stack diagram is: ^ 



T 

Z 

Y 

X f(x) 



-» Z 



Y 

■* X 



The unary functions INT, FRACT and ABS wiirbe considered in the 
exercises. >^ 

/ One iaportant function that does differ between AOS and RFN cal- 
culators is exponentiation (raising to a power). This is a binary 
operation because 



requires the two Input elements p and q. 

\ 

EXAMPLE 4. Compute 7 * 



AOS Keystroke sequence: 
RFN Keystroke sequence: 



EOT; 



Answer: 



2401 



-When using this 



E 



you will meet for the first time the fact 



that the calculator sometimes produces only approximate answers. In the 
calculation, of .7 , for example, a calculator may display the answer 
2400. 99W. -How we know that 7 4 is an Integer and we can find It exactly 



my multiplying 7 x 7 x 7 X 
case) is introduced h^the logi 



7 to get 2401. The error (of .0007 in this 
■rithmic processing used by the Calculator 



ERIC ^ 



1.5 - 3 



J \ key. We vill study this later. For now it, Is usually enough 
to round off such answers to the nearest Integer* 

Exercise Set 1.5 



Without using a calculator gi\p the display produced by the fol« 
lowing keystroke sequencers* Check your results by calculator. 
Staft each check by claar^g the, display. 



1. 



5 i 



r> 2- I 9 I 

I i 



3 ' 



10 



5. 



8 



CBS 



3." 

r 

6. 



1/x 



ll/x ' 



* 

7. 5 



EOT 



V 



8. 
10. 



EOT! 



What does the stack look like after this sequence? 
9. 







4 : 

1 


10< 



CHS 



,2 ! 



13. I 5 
16. ( 



1A 



• 11. 
H. 



1A, 12. } 2 |l/ x ! x 



EOT U 



X 15. ! 1 



10 



) 



10° ; 17. 



By applying the functions to various values, determine what the following 
keys do. Be sure to include values. like 7.65, -3, -3.72. 



4s. mi 



19. FRACT . 



20. ABS 



*thak 



Note tha* the keys will tell which logic is used. 



1.5 - 4 



Calculate Mch of the following. Cheek, 7©»* reeult ageiaet the enewer 
given. 

Example: ■ -5 + s7 . 

' * ' * AOS keystroke*: [7] jT] [7] [sTj [Tj 

RPH keystroke: ;T [BNT " T f 7 j ffiT| | + | 

Answer: 7.6457 1 L ~ L - 1 -J— J L — 1 



21. 8 5 Ana. 327*8 22. 1.23 3 



Ana. 1^8609 



23. ~ + y Ana. 0.2054 24. ' ^ * - Ana. 0.0435 

25. 10 5 - 5 7 Ana. 21875 (On some algebraic calculators you may find 
it necessary to use parentheses around 5 7 .) 

v £ ' V. 

Now try your hand at the following monsters: Jf . 

t/ST sin 45° „ to u 

/J » ! ~3 Note: the numerator is a product. Ana. 0.0001 

34 

27. IKTdO^ 60 °)"" Ana. 53 ' ^ 



The following two exercises provide .useful short-cuts for computation: 

29. Some t lass the wrong nuaber appears in the display. Por example, 
when you wish to calculate a - b, b^ already be diaplayed. 
How could you complete the calculation without starting all over? 

30. Bow can you calculate starting with b in the dieplay? . 



* 



AOS calculators will not accept this calculation. On them it must 
b^e rendered* to lTT+ 5, or it must be calculated es 5 + (0). 



31 



\ 



ERIC 



1.6 ^ 1 



1.6 Problwi Solving with' m Calculator 

» 

With the power your calculator gives you, you may now attack 
with confidant a and solve ac*ee complicated problems. You will need 
paper and pencil only to record notes and answera. As you will see, 
however, the calculator does not substitute for thinking. Tou are 
st?£il in charge. You will need to 4 

/ 

e organise calculations so that^you can carry the* out on 
your calculator ^ 
ind if your problem is one related to meaaur 



e determine units for the answer and 
e determine accuracy 

In this section we will not deal with the latter two important ques- 
tions. We will continue to* report answers to four digit (rounded), 
accuracy.* « 



0 

EXAMPLE 1. A simplified formula Cor artillery range is 

* Vo sin A coa A 

* 9.8 « 

a * ' . • 1 

Find the numerical value (without units) of R when 

* 4. 

V, - 31 and A - 30°. 
SOLUTION. Substitute 



> 



9 31 2 ain 30" cot 30" 
K " 9.8 

Calculation yields 42,4618 

♦ 



32 
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Sons eeleu la tors .truncate eWfcre rather t^un rojund answers. 
Truncated means that the rest of the answer is cut off. Thus 

683.29587 trumc£ttd to! six digits Is 683.295, the .00087 merely - 
dropped. Ibis is often called "rounding down". You should test ^ 
t your calculator to see how it rounds. Use quotients Hkg 2/3. 

o\ 5/33, and 50/33. 



1.6 - 2 



Such, e celpuletion is i«portent bat streightforwerd. Others require 
en experimental approach. » 4 



EXAMPLE 2. In EXAMPLE 1 we night wonder whet angle A 
•ekes R lergeit. (Whet engle of elejwtlon yields 
longest renge?) 

SOLUTION. We need only consider the product 

\ sin A coi A *\ 

Trying Tallies yields 



A 


■in A coi 


30° 


0.4330 


40° 


' 0.4924 


50° 


0.4924 







Thle Buggesti trying A,- 45 (why?) 
.o 



45" 



.5 



t „ Trying other yeiueo suggests thet thle li the beet 

we cen get In the renge 0 to 90 . 

I 

( 4 

Often it siaplif^es computation to use storage capacity of your cal- 
culator to evaluate expressions in which letters appear mart tKan 
once, . In the following example, ve as suae a emulator that has at 
least two storage registers Rl and R2. To store 5 in Rl and 6,3 in 

R2 the following keystroke sequence could be used: 

f 

# , , , , K- 



ST0 



.6 



i 

• ; 3 

v- ■ 



STO i 



ThU sequence of keys Is epproprlete for s»st elgebrelc or RFN calculator! . 



On iom celeuietors eech register asy have a two-digit designation. 
In that cese to store 5 In R01 would be. keyed «• 

5 iSTO 0 • I 1 . ' 
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3o 



1.6 - 3 



To recall the nuaber in Rl, you need only press 

;rcl| I i i 



end In this case the 5 will reappear In the display. 




) 



EXAMPLE 3. Evaluate x 3 + 3x 2 y + 3iy 2 + y 3 for $ - 3,7 end 
7 - 8.6. * 



SOLUTION: If you attack this problem directly you 
vlll be keying 3.7 and 8.6 each several tints. You 
can aave iose*of these keystrokes by first storlng\x 
^ and y. Follow the progran for the kind of calculator 
you use/ 



3 


• ! 


1 

*7 ; 


STo| 

t 
I 


1 i 


8 i 


• 


6 

1 


STO ; 




KPN 



3 ; 



V 



BCL, 



2 
3 



**7 



RCL 



X 



X J 



BCL 



ERIC 



* ' 1 * j 

Bear 1 1 Do not co nfuse the X and Y registers with the z and y In the 
polynomial. The j x" 1 ' key* operates on nuafeers in the epproprlete 
calculator [_* , / registers. 
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1.6 - 4 



Algebraic. 



*0 Ircl' !' 2"; |y x 



RCL 



( llCL* 



representing 



RPN 



RCL I 



RCL 



X 



J I I 



3 i 



X 



RCL 1 



You should reach the value I860, 867. 



In solving complex .problems like these you will need to be very 
careful. Here are some suggestion! which may help: 

(1) Think through your computation before you start to key mafcers 

into the calculator. 

(2) Try to organise your computation in parts such as terms of a ( 

polynomial or the maserator e&d denominator of a fraction. , 

(3) If you feel you will be lost computing the- answer to a complex 

problem in one seriejr of keystrokes, take it part by part, 
recprding partial answers. You may then combine these into 
a final solution* 

(4) Sometimes (as you will set in the exercises) algebraic simplifi- 

cation of an expression to be evaluated will also sinpllfy 
computation! 



0 
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Exercise Set 1,6 



1 



o 



Evaluate the, f onoul. R - V ° co »- A for r u . lng the 

given velues of Vo end A. 

1. . Vo - 200, A - 40° r 2/ Vo . 100> A m 

3. Vo - 100, A - 50° 4. Vo - 375, A - 90° 

(You nay wish to think ebout the reeulte of exercises 1-4 es they re- 
late to the physics of projectile range*.' ) 

Using one of the tvo conversion formulas for Celsius and 
Fahrenheit temperatures, 

9 

C - | (F - 32) P - |c'+ 32 

answer the following: 

5. C - 100°, find F 6. » Convert 32°F to C. 

7. Change 68 P F to C 8. Change 98. 6°F*to C 

9. Find by experimenting when F and C, are the saae. 

10. Now check your answer to exercise 9 by algebra. (Set*F and C 
each equal to x in one of the two fornvles and solve for k.) 

f 

i 1 

A formula for triangle area that you will be able to derive 
later 4s 

A -Cyiyein A 2 )*2 ^ 



Average human body temperature 




1.6 - 6 



Find A, given the following valuta: 

11. lj - 2, « 3 - 5, A 2 - 50° 12. » x - 10, « 3 - 8, A 2 - 60' 

* 

13. i x - 3.72, « 3 - 5.8, A 2 - 38° 14. ^ - 147.3, « 3 - 62.1, A 2 - 72' 



If an object is h meters above the ground, the tine, t, in 

seconds, that it takes to fall to the ground is given by the f omnia 

2h 

1 ' i 9.8 



Find t when: 



15. h - 147.2 16. h - 3472,13 , 

h - 1.23 18. h - 43.278 

19. Solve the formula for h and use your new formula to find h when 
t - 10. 

In a right triangle whose legs are a and b and whose 

: — 5 5— 

hypotenuse is e, you know that c »Ua + b . f 
Find c when: 

20. a - 5 and b - 4 21. a - 10.35 and b - 15.72 

< . 

- i 

22. a - 10.3 and b - 11.7 23. a - 2.3 and b - 18.9 



Evaluate when x - 3.7 and y - 8.6. Store these values for 
x and y. 

24. x 2 + 2xy + y 2 25. (x + y) 2 

2 *« -x 2 + y 2 27. (x + y) 3 



9 
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What identity to your answers In exercises 24 and 25 support? 

What do your answers in 24, 25 and 26 suggest? 

What identity do your answers to exercise 27 and the answer to 
exaople 3 on pages 1.6-3 and 4 suggest? 

i 




1.7 +rnfiyi— Functions : 1 

In working the exercises of Section 1.6 you should have found the 
calculations repetitious. You were following similar routined oyer 
and over, with only the nunbters different. In this section we will 
develop a short-cut to reduce jKich work* 1 

EXAMPLE 1. Give a keystroke routine that will start 
with a given valuer of h and calculate t by the 
formula 

c 

tm l9T' • 

SOLUTION 



Algebraic 
key in h, then 



m 



H B 



fx 



RPN 

key In h, jthen 



ENT 



fx! 



H CD 



. Rotice that once the keystrokes have been worked out it requires 
acknowledge of the function to follow thea. With these instructions 
you^ could give your homework exercises to sn elementary school aged, 
sisVer or brother to calculate for you. For exaaple, given the h 
valie 10, they would key |Tj [jTj and then the keystrokes for your 
calculator, giving the resulting t value, 1.4286. 

| * • 

Still better, you can assign this routine to your programmable 
calculator. Here are the general steps you can use to acco^>lish Aiis: 



( LRN - Learn 
^ R/S - Run-Stop 
'* I^RST - Reset 



1.7 



1. Set your, calculator to record a program, 

2. Kty Into your calculator tha calculation steps (along with' 
any instruction steps necessary to your particular calcu- 
lator.) *• • • f 

3. Set your. calculator back to calculating mode. 

4. Enter your given data.- 

. 5. Sun the program, - gr 

* * * * • 

* 

For additional exercises of th* same type, you then merely repeat steps 

4 and«5, 

♦ , * ? > ■ * * 

- ' • s i •• - / 

Each of th<> many calculator models operates differently so it is 
not possible to list all the^special instructions Squired to carry 
out the five step 'routine We have just given. Because they suggest the 
kinds of special differences you will meet on calculators* we offer two 

T 

examples here. You should study them to se4 their form, but you should 
concentrate on the specific routines for the calculator you will be 
using. Recill that we *re programming the calculation 



\ 9.8 



TI - 57 



1. OPP - ON 



LRN 



2. , X 



This clears the calculator of previous programs 

LBN sets this 

calculatbr to record the program. The 
display Is ^000 00 a * 

These are the calculation steps. (See the 
SOLUTION to EXAMPLE 1 on page 1.7t- 1.) 
A« you depress each key the calculator display 
wiVl record the step number. 001 00 up to 

008 00. * • . 



1.7 



PJSGM -Program 



• 








k 

This key Is required *tb stop the prograa 




"Tr 






m v 

ana display tne result ox tne calculation. 


• 






J 

RST instructs the calculator to go to step 




* 






00 in fchs* nroffir^in 


3. 


LBM 






This key now returns *he calculator to normal 










operation. The display is 6. 


4. 


EST 






RST sets the calc^Lat^ to begin the program. 


5. 


key 


la 




A 


'6. 


R/S 






* * 

R/S then, activates the program. When the 



J: value. 



To figd additional pairs (H,t), repeat steps 5 and 6. 



HP - 33 - 
1. OFF. - OH 
PRGM » 



V 



f 



2 ! 



— ! 1 — J I iLZJu p 



This clears* the calculator of previous programs. 

PRCM sets the calcu lator to record your program 
Steps. The display is 00 . 

These are the calculation steps. As you de- 
press each key the display records the 7 step- * 
number and the location (ro* - column) of the 
"jlcey(s) depressed. For' example, after^ ENTEIC 

pressed 01 31 is displayed- 01 1% the ' 
step number,. 31 the location (row 3, key 1) of 
£NTER on the keyboard. Note how the last two 
keys are merged into one step 08' 14 02. This 
saves program steps". 



■ /' 



* « 
On this calculator^ as on many others, many Tteys have two or even three 
i roles. Here the yellow rT key assigns the second role \fx to the \~ key. 
, V^Th. blue ^ key would "~ ' * > . 



ERIC 




have assigned x .to the same_key. 

41 



S8T ^.single step 



1.7 



3. \ JUS 



R/S 



The calculator is now returned to normal 
operation, the display is 0.00 
The - R/S key sets the, program back to 
step 00. ♦ 



/ 



In h 



This activates the program. On this cal- 



R/Sj 



culator ve did not have to key another 
into the program because all unused 'program 
steps are pre-loaded with steps that return 
the program to step 00 and stop it there. 



To^find additional pairs (h,t) repeat steps 4 and 5. 



You should familiarize. yourself with the procedures for entfring and 
running programs, but the more important task is developing programs* Here 
are some suggestions about how to do this: ' 

1. Remember that the program merely records what you would have done 
in a calculation that "is not programmed. 

2. Think of you* calculation as always starting from the value(s) tfiat 

change in the computation. (In the example this was h. ) . 

3. Key into the program the steps following (and not including) the 

step that Veysyour starting value (see suggestion 2) Into the 
display. (On *n RFN calculator dop't forget ENTER when fit is ne- 
cessary.) ^ — 

4. fee sur e, if your calculator require* it, to complete your program, 
with R/S j so your calculator vlll stop to display the results. 




Exercise Set 1.7 

Key into your calculator a program to find t, given h r by the 
formula * * 



ERIC 



The BST key steps out of tbe program so that R/S; does not calcu 



:j 

late the last step of the program. JThls prevents occasional Error 
messages^ when the last key is |' | . 



1.7 - 5 



Then calculate t Tor the- follcvi^ h values 

1. 15 2. 100 

3. 1000 4. 10,000 ) 

5. 8840 (n in ht. of Mt. 6. 1609 (■ in a mile) 

. , Everest) 

t * 

7. Develop a keystroke sequence to change any Fahrenheit temperature 
ihto Celsius by the formula 

C - I (F-32) * 

(Don't forget to start your calculation from F.) 

» 

Program the calculation of exercise 7 and use it to convert the 
following temperatures to Celsius: 

8. 0°F, ^9. 90° F 
10. 50° F 11 # -40° F 

12. By experimenting, find wh<»n F - 2C.~that is when Fahrenheit tem- 

perature is twice Celsius temperature. / 

13« The sales tax in Erie County, New York is 7%. Develop a keystroke, 
sequence that will calculatJ^ the amount of this sales tax. (i>o 
not toother with rounding your answer.) 

Program the calculation of exercise 13 and use it to determine sales 
tax on the following purchases: > 

14. $500 15. , $45.32 

16. $299.95 17. $2.79 X 

18. By experimenting, .find a purchase price that will give a sales^ 
tax of $1.00. \ v 



1.8 - I 



1.8 Programming Functions: 2 



Inaction 1.7 you learned to program your calculator to that it 

would carry out computation routines by a tingle key* troke. In that 
t 

section you were restricted to single input-single output routines. 
How* in this section yoju will learn how to handle more than one input or 
output. .« i* 0 

key to this problem and the key to press is: 

• * 4 



R/S 



' * ( ' 

This powerful key plays the following important roles: 

^. When the calculator is in operating mode, it either starts a 

program if the. calculator is idle or stops a running program. 

2. When it, is keyed into a program it stops the program either " 

to receive information of to give information.* 



We will con^der how this Wi 




means of examples. 



EXAMPLE 1 DevelS* and run a program to 'evaluate c for 
entered V^IAm 6f a and fc> lQ the formula 



V 



SOLUTION 1 . 
feZ T-I -57 



opf^- m 




Pi 

.. 1 — ' 
* — i 

*1R/S| 



a vould b« keyed 
before the progrea 
started-. 

Here the celculetor 
ti stopped to receive 

b. 



by tiP - 33 
OFP - ON 

PRGM 



V 
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by Tl -57 




2 I 



R/S ' 



a 



by HP - 23 ■ 



0* 



SSI 



LRN 



\ 



RUM 



Here is how these programs wtnild be. run £pr\a - 5, b - 12. 



RST ' 



Resetting the prorto to 0 



SSTi » R/S^ 



l . i 
J % 



5 / | R/S Enter 5 and start; the program 5 



R/S 



The first part of the program runs until it reaches 



R/S j at the step marked * in the program. It a topi with the* 

: . f, ' ■ } 

display reading 25. 4 - ^ a 



1 j L 



. — ^ 

R/S ; En^r 12 and restart. 



R/S 



The calculators will now complete their programs display the 
' c value 13, 



You will develop other ways of carrying out this kind of multiple 
input program in the exercises. We now consider a problem involving 
multiple output. 



EXAMPLE 2. Develop • program that will calculate and 
display tales tax (at 71) and then total cost for 
given purchase prices.. 



TI - 37 
OFF. - OR* 



* 0 



LBN 



STO 



i * 



R/S 



RCV- ! I 



RST 



i ■ 



4 

i 



Stores purchase price 

Calculates sales* tax 

Stops to display tax 

Adds cm purchase price ta give 
total cost. 



LKN 



RST 



. inning the program for a $92 pur^enas* 



a/s 



The caleuletor runs to the first 
display' the sales tax $6.44 



R/S , and stops th 



ere to 



far, 

H ' The calculator completes the program and displays the total cost 
$98.44 • ■ » 

r- — ' ' 46 



Tr^'l r! 1 ^ 1 ;.^!!!! 5 !,?^! V *V t0 C *«" P**~ and reset the 

e. In fact, aev progri 
steps replace the old. 1 



„ - a * ' v. * C oi ^pau^l anjb ana reset toe 

!I^fV° J* J"I W n tHiS $ijnple > r °«dure. In fact, hev programs 

a«7 »e Rayed right- "over" old ones for the new — 1 - * * ■ 



/ 



r 
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HP -33 



\ 



Stotage could be used as in the TI - 57 solution but instead we 
utilize the operating stack to solve this problem. 



OFF - ON*, PRGM 



? 



ESTER i | EJJTEK i 



7 



< 



R/S 



RUN 



Nov the purchase price is in 
Y, and Z registers. 

Now sales tax is in xj purchase 
price in Y. 

Stop to display sales tax 

Acfds' sales tax and purchase pri^ev 



Running the program for a $92 purchase 



SST 



R/S 



Relets 



to 00 



R/S 



Now the calculator displays the sales tax $6.44' 



! 1 

R/S, 



The^ calculator completes the program and displays the total cost $98 '4- 



w 

On this calculator^also there are again other ways to clear programs and 
reset the program to 0, but we adopt this simple procedure. In fact, nev 
programs may be keyed right ."over" old ones for the new steps replace the old 
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Exercise Set 1.8 

1-4 Program EXAMPLE 1 of page 1.8-1 into your calculator and 
use this program to find c for tha following: 

1. £ » 23, b— 264 ^ 2. a- 45, b- 24 

3. a - 45, b - 336 * 4. a - 7, b - 24^ ' 

5-9 Por a - 45, there are five other vetoes of b that result in 

Pythagorean triplea, that is results for a, b, and c all 
in integers. 

Find the b and c that conpletes the (a - 45) triple for b in'each 
of the following ranges: 

"5., 25 < b £ .30^ 6. 60 < b < 65 " 

7. 105 < b < 110 8. 195 < b < 200 

9. . I'OIO < b < 1015' 

10 - IS'* Program EXAMPLE 2 of page 1,8-3 into your calculator and 
use this program to find sales tax and 1 total cost for the following pur- 
chase prices. * 

10. $34.9* * 1J. $1.67 
12.^ $2995 ' ^ 13. $632.50 
14. , $99.95 15. $100 

16. How could you modify the program of EXAMPLE 2 'if sales tax vent up ' 
to 81? Clearly you, can change and reenter the enti re pr ogram, but 
you may wish to experiment with calculator keys in LKNl or PRGM mode 
to make the necessary key change. You will need to determine how the 
following keys work on your calculator: 



Qn calculators that display four decimal digits (like, the HP- 33) 
you n£ed to vxercise cari here. Such calculators probably do not round 
up but either round down (truncate) or round to the nearest value . Your 
best procedure is to reset such calculators to display more decimal digits. 

On the HP - 33 , for^exa mple, . to aet three decimal places in" the i 
! display press j f | fpixj 



7 



4a 




aaj on the TI - 57 



2 nd ! 



IHS r 

- - -i 



DEL ; 

I 



•Ingle step 

back step 
f 

« 

insert 
delete 



\ 



(for algebraic calculators only) In EXAMPLE 2 you had to store 
the purchase price because it is lost when you calculate sales 
tax. Show how you can avoid storage by calculating total cost 
from the sales tax. (HINT: If purchase price is p, sales*tax 
i* .07p and total cost is 1.07p. Determine the nunfcer you must 
multiply .07{> by to get l.Q7p.) 



Suppose you were a householder in an area where different cctmnuni- * 
ties in which you shopped charged different sales taxes. (This is 
fairly comon near state or even county boundaries.) . Develop a 
sales tax - tottl cost program so that you can enter liar- price and 
then sales tax rate to produce sal^s tax and total cost. (Hint: 
an eaay way to do this is to use program storage.) Use your pro- 
gram to complete the following table: * 







list price 


tax rate 




cost 


suit 




.$137:95 


67. 


-f- 




Overcoat 




84.50 


87. 






shoes 




31.45 


71 






hat 




18.50 


6X 






/ 


TOTALS 
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1. 9 Chapter 1 Test 



(1 - 4) Evaluate each of the following keystroke sequences. Do not 



use your- calculator 
1) 



□a 



2) 



+ /- 



3) 




TO 



1 




4) 



10 J 



(5-8) Give a keystroke seguence that you could use on your calculator 
to evaluate each of the following expressions. ' 

5) 5 + ' • 6) (2 + 3)(4 + 7) 



7) \|6 sin 37° 



8) 



2 4-3 
4(7) 



(9 - 10) Evaluate each of the following expressions 

9) 2 ; 10 *. 5 10) 3 j. 2 X 5 



(11 - 12) Evaluate each of the following expressions. Express your 
answer correct to four decimal places. 

11) (3.S+.8. 32) 2 (4.3 - 5.31) 2 : 12) 5 J 3 (6 J f g 4 ' ,8) 

' ' L. 

(13 - 14) Evaluate each of the following expressions. Round your 



, answer to the nearest hundredth. 

t a in j < . f 0 

1,5'' 



)8.7 + sin 37. 5* 

i jL 

- 3.2 



13) 
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50 



* / 1.9-2 

(14) The aria'of a triangle with sides a, b, .and c is given by 
the formula 



1 



A= 0* (s-a)(s-b)(s-c) where s = j (a+b + c) 

r ' ^ 

Find the area of a triangle whose sides are 35. 41 cm. , 28. 23 cm. „ 
and 24. 68 cm. • v 

15) The time needed to complete one period of a ^pendulum is, 

given by the* formula > ' 

t = ^1— JL where JL represents the 
• < '^° length of the pendulum 

Find the value for / , corre-ct to the nearest tenth, that makes 

t closest to 4 seconds. ' 

r 18) Choose two of the following three problems. 

16) A manufacturing plant has a capacity of 25 articles per week. 
Experience has shown that depending on the number of articles 
(n) manufactured per week, the price of an article (p) will be 
sold at a variable price where p = 1 10 - 2n. The cost of manu- 
facturing h ^articles -is 600 +.10n + n 

a) Express in terms of n and p, the total amount of money 
received (gross income) in one week for selling n articles. 

b) Express this weekly gross income inarms of n only. 

> 

c) Express the total weekly profit or loss (net income) for the 
company in ter.ms of n ^only. ' 

d) Find the total profit if only 8 items are produced per week. 



. e) Write a program that can be used-to determine the weekly profit 
for any value df n. ^ % 



51 ' 



/ 



• 1.9-3 

f) How mafiy articles should be made each week to give the 
^-largest profit? 

a) Write a -program for finding the length of a leg (x) 
of a right triangle given. the lengths of the hypotenuse (z) 
ind the other leg (y). 

b) List the keystrokes necessary in th§ run mode -to find 
the l£g,(x). 

c) Load your program into your calculator and find x, 
to the nearest hundredth when 

(i) z r 70. 00. and y = 66. 18 
(ii) z = 24. 25 and y = 18. 75 ., 
18)« As already mentioned in exercise (14) the area of a triangle 
with sides a, b, and c is given by the formula 

i * 

A =' \js (s-a)(s -b)(s-c) * where s = ^ (a + b + c) 

a) Write a program that will find the* area of a triangle given 
the lengths of the three sides. Store a in register 1, b in 
register 2, c in register 3 and s in register 4. 

b) Load your program into your calculator and find the area 

of each of the following triangles to the nfearest integer 

> 

(i) a = 88, b = 72, c = 108 
(ii) ,a = 2, b = 3, c = 5 
(ii*) Explaip^ovir answer'to (ii). 
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CHAPUM 2. EXPONENTS AMD LOGARITHMS 



la this section tfa« theory of exponents it extended and a dif- 
ferent kind of exponent, the logarithm, is Introduced. 

2.1 Politic In teger *»f onents 

Aa important rola of exponents is abbreviation, shortening 
expression*. Juat aa we uea nultiplicati*m to abb rerlate addition 
when we replace e+a-fa+a + aby5a, ao we abbreviate ■appli- 
cation when we replace a • a • a • a • a by a 5 . In general: 



DEFINITION 2.1.1 For real x and n a poeitive 
Integer 



x n » x • x * ... • x 



✓-n faetorp In particular, x* r x. 



Whan we write pV p ia called the baae and q the exponent or 
power. The word power is alio used for the whole expreseion p q . 
Thua we speak of 4, 8, 16, ... as the powers of 2 Just ia ve would $ 
4, 6, 8, 10,... as the Multiple* of 2. 



Rotation: power or exponent 

base W %r 



Exponential statements are read: 

2 

3 - three squared 6 n - six t* the n'tfa power 

2 - two cubed or six to $he n 

4 b 

5 - five to the fourth power a - a to the b 

— or a to the b power 
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The following six theorems ere often celled the Lev* o£ 
Exponents* We will see leter thet they Apply In nuch broeder 
circumstance*: here they apply only to - positive Integral ex- 
ponents. - 



The Lavs of Exponents 
For a and b positive Integers, x and y real, 



L 



(1) 


a b' 




X • X 


- x* + b ; 


(2) 


a , . b 

X 7 X 


• * a *V^b. 

* 


(3) 


/ «xb 
(x ) " 


ab 

x 


(4) 


b-a 
j x - 


x , a a multiple of b, x > 


(5) 


(xy) a - 


a a 

x y r 






s!* . < ' 


(6) 


<*-/ - 


y 




(7) 


v*y„- 


\ J* tf7 * x > o» y > o 



Proofs of these theorems are so stral; 
are 



gli^forward^tha^" many st 



tudents 



confused by them. They merely Involve applying defTfit^lon^2.1.1 
and counting the number of factors* Me will display two proofs a! 



"leave the others for the exercises: 



EXAMPLE 1. Prove: For a and b positive integers, x real, 

, a.b ab 9 ' 

(x ) - x 




z a N b a a a a 
(x ) « x x x . . .x 

b fee tors 



Def. 2.1.1 



--X • x • ... X 
a factor 



X* X . * « X * X X ... X ... X * X . • . 3 

^' v— v r 

a factor a factor a factor 



9 
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b (groups of) factors 

: \ 

Some authors apply the restriction y 4 0 here* We choose Instead to 

embed thi^ restriction In the - jynbol. Thus "«" carries vlth It 
the phrase "for which both members are defined". This Is not uncom- 
mon usage. 

v 54 - 



ab factors 
_ab 



county 



Def. 2U.1 



notice that Definition 2.1.1 la ueed left to right in the first and 
second a tap of the proof t right to left in tie last, t£*€~ia aa • 



n factors 



V 



9 



Students often forgst that definitions (end equations) are symmetric. Qt 
EXAMPLE 2. Prove: For a , a positive integer, x and y reatY 



/ . 



\ 



a factors ' 
a factors 

y *jf ... y 

a factors ' 



Def. 2.1.1 




«* f • if S 

7 




-v 



Def. 2.1.1 tepplis^t aeparately 
in numerator Jtod denominator) 



• 2', h . ( 2 ) 



EXAMPLE 3. Simplify x 3 *"* 2 y - » 5 

. <f> J 




3^> "2 5 

X .* X ■ X 



(ft 

.'•^ 2 X - i? - I* 4 " 7 Law m 

-3.-9 "first step by Law (2) 



3\ 
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10 a ;3a 



6 , (-r.atf . 
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) 



(r 2 ) 5 - 7T 10 Om. (3) ~K 

m 



I x ■ x - x first step by Lev (4$ 



< * 
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£' 6 s * - 6 * - 6 3 - 216 ** first step by Lev (4) 

(-2x) 5 - <-2«) 5 x 5 - -32x 3 first stsp by Lev (5) 

33" y 

A first step by Law (6) 



x 3 x 3 




Exerciser Set 2.1 



1- 40 Six«>lify completely: 

-(1) x 6 • x 6 (2) 2s 2 • 3b 3 

6.^2 1 1. \ 60e 12 



(3) lOT f 5iT v (4) 



10. 6 



(5)' (c 5 ) 3 (6) (2w 3 ) 3 



k~~ li * cl ,2c 

(7) \y 8U (8) * y 5 

2 3 V #* , „ 3 JN 6 



(») (*7J U*) (-2c d) 

2 5* 

(11) ^ (12) (^-f") 



- s 7 b 4 *2 2 

(13) (V) (14) 3x Z + 4x Z 

(15) (-2x) 5 f (2x) 2 <16) sin 3 x • sin 2 x * 



V, % s n . • * n n • 

sin x aesns sin x • tin x T,... " stli x, thus sin x ■ (sin x) . We 



a factors 



will see leW that/ta ^.-1. 

- 56 . 



2 I - 2 
(17) 2sin x cos x +(3sinycos x) 



S«AX ^ X+l 

(IS) a , • e 



(W) 


r 


« 

(20) 


2 y . 4 2y 




a" 
»" 




(23) 




(24) 


(2x + y) 4 


(25) 


' / 2 v3 / 2 


(26) 


(it 7 ) 3 
x 2 7 


(27) 


•i 

1 3 
(3j> 


(28) 


/e x+l. 3 
(5 ) 


(29) 
(3D 


(x + 7) 

(x + 7) 2 

5 . 2 
cos x r cos x 


(30) 

✓ 

(32) 


(» + 3) 0 
-r'fr 


(33) 


(-2y) A , 


(34) 




(35) 


A? 32b 20 


(36) 




(37) 


3 - 2* 
(3 tan x)* 


(38) 


3" i 3*! 


(39) 


* * 

, 2a+l w 3-2a. 
(x ) (x ) 


(40) 





4' 



SO Evaluate : 



(41) (x 2 y 3 ) 2 if x • 3 and y • -1 

(42) 5x 3 + 4y 2 if x - -1 and y - 3 

(43) (-2ab 2 ) 3 ifa-5andb-2 

(4t) 3a 2 - (5b) 3 if a - 2 and b - -2 



(45) 



3 8. 12 b 9 



(46) * 2 C • 2 2 ° 



if • - -2 and b - -1 
if c - 2 



Racall that a radical with no designated index means the index is 2, 



0, 



•> , 2.1-6 

(47) (xScx 2 **" 3 ) 2 . if K - -1^ • - 2 
(*») • 5 2 *" 1 f 3 3 If X . 3 

_ • 

(50) (xy 2 . 15 ) 12 f £WV 8 if x - 0, 7 - 2, i - 12, . - 30 

- " - ' * \ 

51 - 56 Explain the error and correc£ die 9 solution in each of the 
following: 



(51) 



h student sinvliftV^Sax 3 ) 2 end got 2 5 ax 6 . 



(52) A student simplified (\5* 4 ) 3 and got x 12 . 

(53) A student si^llfled <a 2 )(b 3 ) and got (ab)\ 



(54) A student sl^>llfled 3 2 • 3* a»kgot\9 6 . 

(55T>^A student simplified 18y 6 - 9y 2 and got 2y 3 T 

(56) One generation back you had tvo ancestors ^your parents). Hov 

■any ancestors do you have 10 generations back? (Express your 
rer in exponential font and as atr Integer # ) 



(57) Suppose that you got a chain letter with a list of four tytmet, 
The letter says to send your favorite recipe to the name at 
, the top, cross that nam out and add your name to the bottom 



of the list; Then you are^to send a copy of the letter to 
four of your friends. If no one breaks' the chain, hov many 
recipes should you receive? 

a b ^a+b 

(58) Prove that x • x ■ x where a and b are positive integers 



and x is real. 

x a x* 

(59) Prove that (^) • — where a Is a- positive integer and x and y 



m * y 
are rea^ 



ERiC v So 
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(60) In the Lavs of Exponents presented at the beginning of this 
section vc stated thet 

x-x»x,a>b. 
Consider, the esse where s < b. Reaeafeer that 



x • z ... * 
a factors 



and sinply the expressions 



10 .12 15 . 20 . 3 . 7 
* r x , x r x , x 7 x . In general what can you 

•ay about the ainplified form of an expression x* j x b where 

b > a? (Hint: Write x~ •) 

* 12 



2.2 * 1 



1.1 Chatactoristlcs of Powiri 



In the exercises of this section you will be asked to explore 
with the aid of your calculator torn* x>i the characteristics of various 
This will of tan involve use of tha y* kay but s 



powers. 

tines you will Irish to (or need to) revert to use of repeated multi- 
plication. t 

OAMPLX 1. Compute 5 7 exactly 
Keystrokes' 



AOS 



RPH 



Answer: 



EHT 



78J25 



Some calculators will give close but not exact answers for such cal- 
culations. For example, here the answer might be 78124.8 or 76124.9 
or 78125.1. In cases like this you can do one of several things: 

(1) You can use common seuse to adjust your answer. Here, for 
example, we know', that the anstfer is an integer. The closest 
integer to die ipexact result is 15625. Confirming evidence 

.is the fact that any powfr of 5 has 5 in its units digit. 
(5 2 - 25, 5 3 - 125, 5* - 625, ftc.) 

(2) Yoqjcgn determine the bluest power that does give an integer 
answer and complete the answer by using properties of powers. 
Here, for example, your calculator might give as the highest 
power of 5 for which the result is an Integer \ 

\ ; \ : - * 1 

5 3J25 

The lavs of exponents help you-now— 



r 



5 7 * 5 5 - 5 2 - 3125-25 - 78125 



Somtiaes you will be forced to find other 

* 

4, 



tans to compute exact answers 
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as In the following exaaple. Folic* this exaaple closely even if 
y<m hare a calculator that displays mora digits for tha aathod is 
Important. 

EXAMPLE, 2. Coa*uta 5 15 exactly. 

This answer wf\l not he displayed exactly on a 
elx -digit display (neither will it on an eight-digit 
or even ten-digit display). AslUe that the largest 
result we can connate ,is 5 8 - 390625. There ere 
several ways we could try to proceed: 

(1) 5 15 - 5 8 • 5 7 - 390,625 • 78,125, or 

(2) 5 15 - 5 7 • 5 7 • 5 - 78,125 • 78,125 • 5, or even 

(3) 5 15 - 5 8 • 5 8 t 5 - 390,625 • 390,625 ? 5. 

- Other approaches are also -possible,, hut all lead to- 

prodocte that will not display. Clearly vt nit find a 
way to display the answer part at a tine. We will use 
nethod (2) to do this. 

f \k 

We will conpute 5 end leave you to find a way to ' 
nultiply this result by 5(in exercise 23). 

14 7 7 72 
5 - 5 • 5 , - (5 ) by Exponent Laws (1) and (3) 

We know 5 7 - 78125 fron EXAMPLE 1. We wish to square 78125. 

» 

2 2 2 r 

Recall (a + b) - a^ + 2ab + b . Here we can let 

. a - 78,000 and b - 125. We cannot calculate (78.000) 2 because 

it will overload, but we can calculate (78) 2 and affix the 

necessary six zeros. 

2 2 
Using 78 - 6,084 and 12? - 15,625 and 2 . 73 - 125 - 

19500 ve have 
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2.2 - 3 



7B.0O0 2 - 



6,084,000,000 

2 • 78,000 -f 125 - 19,500,000 

15,625 



125 2 - 



Adding give* (78, 125) 2 - 6,103,515,625 

Hotice that If we knew a way to represent (a + b) 3 we could have used 

15 5 3 3 
5 - (5 ) - (3,125) to get our answer. Ve will develop thia for- 

■nla and oat it In exercise 24. 

t t 
\ 

Exercises 

Exponent* increase (or sometimes decrease) the base rapidiy. 
Try to accustom yourself to this rapid site change by guessing the 
smallest integral exponent needed to make the inequality true and then 
calculating the correct answer by direct trial. 

U 8 V > 10,000 2. 2 7 > 1,000,000* 

3. 3.1 P > 500,000 4. 6 q s 40,000 

* 

5. (-4) r p 250,000 6. (-4) r < -250,*000 

The following are important powers to remember. In each exercise 

n represents a positive integer . 

*** # 

7. 1* - 8.** 0 n - (for n 4 0) 

'9. <-i) 2n - . 10. (-i) 2ftfl - 

r 

11. a 2n is (positive, negative) for a < 0* 



2mf 1 

12. a is (positive, negative) for a < 0. 



*0m a six-digit calculator y would be the first exponent to cause overflow* 

e> 

Your calculator may give you, an Error message. In that case use your 
definition of exponents to determine the correct answer. 
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Bow we wish to explore the effect of ^positive Integral powers on bases 
in two tanges, 0 < b < 1 and 1 < b, We already know fro* ex- 
ercise 7, K the result of b n for b • 1, Before doing any computing, 
guess which sywbol, or should be placed betwee^ 

each pair of expressions. Then test your guess by calculating 

13. b n _ b f or b > 1. (Include in testing, b values like 

1.01, jL.OOl.) 



14. b b for 0 < b < 1. (Include b values lik. 0.999.) 



Calculate exact digits for: m * V 

15. 23 4 16. 23 4 another way 

17. ' 23 4 by a third method 18. (.023) 4 

19.. Choose a, b or c depending on your calculator: 
(a) for six-digit display 6 8 ^ 
i (b) for eight-digit display 6 11 f 
(c) for ten-digit display 6 13 

20. (a) for six-digit display 12 6 

(b) for eight-digit display 12 8 

(c) for ten-digit display 12 10 

17 34 ^ 17 

21. . 2 ' 22. 2 J * (Hint: use 2 .) 

15 14 
23. 5 (Hijnt: see text Example 2 for 5 .) 



EXPLORATION EXERCISE 

24. We seek 5 15 by cubing. 5 5 . Find (a + b) 3 by multiplying 

(a 2 + 2ab + b 2 )(a + b). Check that 5 5 s 3125., Use the 

3 

identity you have developed for (a + b) with a - 3100 and 
b ■ 25 to calculate 5^. Your reasoning will be of the^fora: 

5 15 • (5 5 ) 3 - (3125) 3 - (3100 + 25 ) 3 - 3T00 3 + 3 • 3100 2 ^_25+ 



2.3 



2.3 Sctntiiflk Notation (for Numbers Greater than One) 

The, distance fr<*a the earth to the sun is about 93,000,000 miles 
(93 million miles). As science expands its frontie rs such large nmn~ 
bars turn up more and more often. Note that they do not apply only to 
astronomical distances. For example in chemistry, Avagadro'a number, 
the nsober of molecules in a given small unit of volume, is 

^02,000, ooo.poo;ooo, 000,000,000 

Scientists "(who are as lazy as the rest of us when it comes to 
writing out things like this) have developed several short notations for 
such numbers. Here we will consider only one: Scientific dotation. 
Others will be considered in the exercises. In scientific jiotation, 

23 

for example, Avagadro 1 * number is 6.02 X 10 • * 
and the distance from the earth to the sun is 

9\3 X 10 7 miles. 

The notation is based on the special role of the number ten in bur 
decimal. number system. * Some familiar properties of ten are: 

(1) Multiplying by ten moves the' decimal point one place to 
the right. 

. 57 ^ 10 - 570 3.2 X 10 - 32 5.834 X 100 - 583.4 

(2) Dividing by ten moves the decimal point one place to the 
left. 

• 57 r 10 - 5.7 3.2 f 10 - *32 5.834 f 100 - .05834 



V 



* n 

(3) 10 (for whole number n) is the same as 10... 00 




3 7-2 
10 - 1000 10 - 10 000 000 10 - 100 



Scientific Notation makes use of these properties of 1*0. 
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.•To represent a number, in scientific notation the following, form 
is used. The nuober Is represented: 



a number 
between 
one and ten 



^ lQ n ' (In this section n 

vill be a whole number) 



Examples: 3.2 X 10 2 4.835 X 10 61 8.1 X 10 15 1.0 X 10 5 

All numbers ten or larger may be represented in thfKform. Now what mfinber 
^ in standard notation do these numbers represent? You caii\use the following 
simple rule to jnake the cfiange: 

* 6.45 X 10 - 6 t 45 
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Hove the decimal point past n digits 
^ (annexing zeros to do so if necessary) 



\ 

Examples: 

2 • ^J^ 7 

3.2 X 10 320 (decimal point moved two places) 

1.0 SL 10 5 - 100 000 

8.1 X 10 15 - 8 100 000 000 000 000 

3.8295 X 10 3 - 3829.5 f 1 ' 

' * 

When you see numbers in scientific notation you will wish to think of 
them in this way. 

Now we are left with the question, how do we change nuntoers to 
scientific notation? The procedure is not difficult and involves only' * 
thinking of multiplying and dividing a number by the same power of ten. 

To change 93,000,000 to scientific notation, for example, , 
93 ' 000 ' 000 " lO^Ko * 10.000,000 - 9.3 y 10 7 " 



* 

More accurately 1 < n < 10. 
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2.3 - 3 



Notice how we divide mad Multiply by the same number thus not changing 
the value of the number but only the form of the representation. 

A rule for doing this is: 

(1) Shift the decimal point n' places to the left to * create a new • 
0 number between one ind ten. - 

(2) Write the new ninfcer X 10 n . 

C 

Examp les * 

r 9 3,000,0001 « 9.3 X 10 7 * 1 
shift. 7 places 



384.75 - 3.8475 X 10 2 * 1 
shift 2 places 



On a calculator scientific notation is displayed for large ramfcers 
beyond the, regular display capability of the machine. For example, an 
eight digit display would , not be able to handle a number over 
100,000,000." £or example/ 384,000,000 would be displayed as: 

3.84 08 

to represent 

3.84 * 10 8 * 
Some computers would display this as 3.34 E08 (E for exponent of ten). 

• r 

J 

Although Individual calculators vary, the following keys and pro- 
cedures are often used* You will wish to check them against your own 
equipment. 
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2.3 - 4 



s 



or 



ZEZ 



This Itey it. used to enter * power of ten 



J. 5 
* Exaaple: To. enter 2T.84 X 10 , £ey 



[T] p~] [7T [T 1 , [g| [Tj [Tl display: 3,84 05 



SCI 



□ 



Numbers are represented la scientific notation rounded 



ton digits. 



Example: With the number 38652000 in the display 



3 would change the display to 



3.865 07 



Exercise get 2.3 



1-10. Express each of the following in ordinary decimal notjt^on. 



(1) 
(3) 
(5) 
(7) 
(9) 



8.37 X 10 
2.9 X 10 4 
6.273 X 10 2 
3.15 X 10 7 



25 



(2) 5.63 X^tr 

(4) 2.847 X 10 1 

(6) 3.3338 X 10 3 

(8) 9.537 X id 2 



the earth's mass is 1.32 X 10 pounds. 

10 



(ID) the velocity "of light is" 3 X 10 centimeters per' seeonjL 

9 

(11) the age of the earth's crust is 5 X 10 years. 

12-21. Express each of, the following in scientific notation. 

<12) 69,530 (13) 834,732 ' ' 

(14) 146 (15) • 100,000 

(16) 147,324 (17) 532.8 \ 

(18) 184.35 (19) 2376.4 

(20V the approximate distance between -our solar system and its nearest 
known star, Alpha Centuri, is 25, 000,000-, 000, 000 miles. 



9 
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> 2.3-5 

(21) A light year Is the distance light travels in a year, A light 
year i* approximately 5,878,000,000,000 miles. 

(22) The nunber of atoms in a gram of hydrogen is approximately 
, 600,000,000,000,000,000,000,000, f 

23-30 4 Simplify each of the following: 

(a) by using your calculator and scientific notation 
and (b) prove your result by writing the nunbers out in decimal notation 
example 

(a) 3. 84 X 10 3 + 2.95^X'10 J 

BE1BBB EBEDBE g EE 



display 3.8695 05 

(b) 3.84 X 10 5 - 384000 



+ 2.95 X 10 3 - + 2950 ' 

386950 - 3*8695 X 10 5 



(23) 6.24 X 10 5 + 3.21 X 10 4 

(24) \Jl.44 X 10 8 



(25) (5.6 X 10 4 )(2.12 X 10 2 ) 



(26) (2.5 X 10 5 ) 2 



(27) (4 X 10 3 ) - (2.5 X^IO 2 ) 



(28) . (5 X 10 6 ) t'(2.5 X 10 2 ) 

(29) 'i*** 1Q - H5 X T ° 2) 
• (1.25 X 10 4 ) 

(30) ( "» * 10 2 ) 3 (8 X loV 

. (6.25 X .10 7 )- 



✓ » 



1 u 



2.4 -1 



4 



2.4 _Nsw Bxpone 



-Until now we h 
natural nuUbers. 
lated to counting 




Rational Powers 



restricted our use of exponents to the 
was necessary because our definition re- 

y 



a • a 



a • a 



5 factors 



4k * j ~ / 

We now wish to extend our definition to incbiue powers like 0, 

-5, 1.8, - ^, etc. To do this we must extend our definition* In 
<doing this we wish to retail the simple 'rules for exponents of 
— - section 2.1. Tot that reason we merely apply those rules to situ- 
ations wh»re t^e counting method won't work and add new definitions 
when necessary. 



EXAMPLES: 



1* 



- 1 



a 



i*4 



a b-b " 0 

■ * • a Extending ths division rule ( 2 ) of 

*a- seotian"?.'! without testification . 

Thu» ve««^;v«r ■ T bo we make that neV definition: 



DEFINITION: a° - 1 for all a 4 0 



5°-l 283°-. 1 



-49.38° - 1 



10 



er|c , 



y 
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2. Similarly consider 



a • a • a • a • a . 

a'a*a*a*a'a*a 



-x and 
a 



Extending the division rale (2 ) of 
section 2.1 without justification . 




new definition 



Examples: 5 ■ 

5 J 



125 



10 



-2 _ _1 

10 



2 . 100 



.01 



0l" 2 - (i5q)" 2 - 10000 



( 2)-2 . (1)2 . £ 



Note J:hat the negative sign in the exponent signals RECIPROCAL 
3. Finally 

- Applying the pcwer rule (4) of sec- 

tion 2.1 without justification . 




This 1/eads us to our final definition to aliow^extension 



of our rules: 



DEFINITION: *f 



- $7" 



for, a *> 0 



2.4 - 3 



Since we have carefully extended our system by applying the 
rules o'f exponents from section 2.1 ALL OF THOSE RULES STILL 
APPLY! . 

» i 1.6 #4 .2 . « i 

Exaaples: a • a ■ a by rule 

■ • . f , . 

a 2 7 

— r a by rule 

a 

II I 
V a v* " a • a - a (since y + y - 



« 

In the exercises you will have a chance to apply these extended rules 
and to check then against calculator computations. 



Exercises 



(1 - 8) Write each, of the following with a radical sign 

1 I 

(1) y 3 ' ' (2) 2x 2 

I x 

(3) -5 4 (4) e y 

_2 1. 

(5)' ab 3 ' (6) (2a) 6 



(7) l^-J 2 . . ' (8) 3a 5 



(9 - 22) Find the value of each of the following 

J. _3 

(9) 36 2 , (10) 16 4 

I 

(*1) . 27 3 t (12T (f)' 3 

I r 

(13) 3(49) 2 <14) 2(3)' 4 



2.4 - 4 



(15) 4)2 



25 2 

.(17) <§§> 



(19) -8 J 



(16 
(18 
(20 
(22 



(23 - 34). Simplify each of the follow 
4 1 



3 3 
(23) & • a J 



(25) y 3 f y" 5 



(27) a 4 * a 2 



(29) d 4 • d 2 



3 -1 
(31) 8'3 



(24 
(26 
(28 
(30 
(32 
(34 



|C2)" 3 



(.008) 



i 

3 



ng 



1 

2 



5 -3 -2 -4 
x y • x 'y 

3\A 



8 3 + 2" 1 -3° 



3-1 2 
27 J - 3 (25.) 



Exercises 9-22 can be evaluated by calculator computation. The 
answers however will be expressed as decimals rather than as rational 
expressions. 
' Example: 

' 36 Z ' 



or 



keystroke sequence for RFN calculators 



3 

3 I 6 



m>*H ESQB'g His 

IT (7- V 



EHTER 



.5 CHS 
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2.4 - 5 



keystroke sequence for algebraic calculators 

000 ELDED E E-ES ' 

display 0.1667 

1 1 , . 

your answer to #9 was £ . Recall that j - .1 9 66 

(35 - 48) Go back and do exercises 9 - 22 by using your calculator, 
Verify that jrour answer* are equivalent. 

Often when doing calculations involving exponents on your calculator " 
it is convenient to represent exponents in decimal rather than rational 
font. 



3 






Example 81* 


- 81' 75 


- 27 


2 


64 .666 




64 3 ~- 


-16 


3 






64* - 


64 1 ' 5 


- 512 



Furthermore a calculation such as V? • $T can be evaluated in 



2 ways. . . 

'method (a) \J~5 • \J/J - 1.7100 • 2. 2361 - 3.8236 

* * 1 1 5 

method (b) " y 3 /? • - 5 3 • 5 2 - 5 6 - 3.8236 



(49 - 60) Perform each of the following calculations on your calculatot 
in at least two, wavs. Fix your calculator to four decimal places. 

-1 -1 

(50) 7 4 : 2* 

(52) 1-2 




\ 

ERJC^ 




(61) Why it 1 jour answer to 58? 

(62) Why is 2 your answer to 60? 



erJc 



1 
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2.^ Scientific Notation (for Numbers near Zero) 

\ In this section ve extend the methods of Section 2.3 to small * 
numbers. To do this ve use the tools provided in Section 2.4. 

\ 

^canine the following examples in which small numbers are re* 
written\ in scientific notation in order to determine the patterns: 



EXAMi?LES: 




• 0007 -l0000-\ * 7 * 10 



•° 0372 " iooooo \ ~5~ - 372 X 10 - 3.72 X 10 X 10 D - 3.72 X 10 

t ~ \ 10 



Notice first how we use^ (at *) the fact that 



-i- - io- n . 



Then focus only on the given nunfcer in it^ two forms 

standard notation scientific notation 



•.23 2.3 X 10 

.0007 7 X- 10" 4 

.00372 % * 3.72 X lo" 3 



Do you notice how the number of places the decimal point is moved 

relates to the power of ten? * 

* * 

.23' - 2.3" 1 " 

shift 1 place 



\ 

0 



( 0 



shift 3 places *> 

L 



Of course this is the, same relationship between decimal point 
shift and power of ten that we found in Section 2.3. Therefore 
ve can. say In general 

DECIMAL POINT SHIFT * POWER OF TEN 

The power of ten is negative for small matters (-1 < n < 1, n 4 0) 
and positive for large numbers (n > 10 or n -10). 

This leaves only one power of ten to explore, 10°. Clearly, 
if the rule applies here A well, this would mean a decimal shift of 
zero places. 

EXAMPLE 

2.78 - 2.78 X 10° 

Since 10° »1, this is reasonable. Thus numbers in the range 

1 ± n < 10 (and -16 < n < -1) are represented with no decimal 

point shift and 10°. 4 

Your calculator~*U4r carry out cqpplex calculations with ntnri>ers 
in scientific notation, but you should always be prepared to explain 
what is happening. Otherwise you will not be alert to errors. For 
example suppose we wish to calculate the reciprocal of 

4 x 10 5 

I — 
Praising the appropriate keys gives 




?6 



2.5 



Why? You out examine the process carefully 



" 5 " 4 * Hf - - 25 X !0" 5 - 2.5 K 10" 1 X l(f 5 - 2.5 X 

4 X 10 10 D 



Accuracy 

*Ooe of the values of scientific notation that we do not explore 
in detail here is its direct e*£reiion of the accuracy (or inaccuracy) 
of the number .expressed. -Avo/adr^s Number, for example, is accurately 
represented as 

6.02 




because this is the value to three digit accuracy. The value given at 
the beginning of section 2.3 is approximate with no indication of how 
large the error is. This will be expired briefly in the exercises. 

Exercises 

« 

1-8 Express each of the following numbers in scientific notation: 

(I) , .000000412 (2) .002578 
(3) •137 , (4) 1247503 
(5) -02372 (6) 2.301 

(7) .10026 (8) .000000000785- 

C (9) . Acceleration due to gravity is 980.665 cm/sec* 
(10) One kilowatt-hour is 864,000 calories. 

* 

11 - 20 Express- each of the following numbers in Standard notation. 

(II) l % '1.47 X 10" 4 (12) 2.563 * 1Q 6 
.(13) 5.7J* 10 7 _. „ (14) 1.03 X 10<" 5 

(15) 3 X 10" 6 (16) 6.82 X 10" 8 • 

'(17) 2.69 * 10 10 . (18) 4.57 X 1 0 " 2 

(19) the mass of an electron at rest is 9.1066 * 10" 28 gin. 

(20) the speed of light in a vacuum is 2.99776 \ lb 10 cm/sec. 
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2.5 - 4 



(21) How Is tero represented in scientific notation in yoiitL calculator? 

(22) *How else could zero be represented in your calculator? \ 



J 



Numbers u^sed by scientists are generally measurements. The ac 
curacy of any measurement is always limited and hence the nunfcer ex- 
pressed should be written with the nunfcer of digits that properly 
expresses the accuracy of the measurement. These figures and only these 

4 ) 

are significant. When computations are made" with numbers obtained ex- 
perimentally, the number of digits retained in the result is determined 
by the number of significant figures in the original data. 
Examples: 

length of a page - 22.7 cm (3 significant figv^es) 
* thickness of page * 0.011 cm (2 significant figures)- 

distance to the 3un - 93,000,000 mi. (2 significant figures) 
speed of light - 299,780 km/sec (5 significant figures) 



If each of these is written in scientific notation there is no doubt as 
to the number of significant figures for only the significant figures 
are retained — 

2.27 X 10* cm 

-2 ^ 
1.1 X 10 cm 

9.3 * 10 7 ^cm 

2.9978 * 10 5 km/sec 



Scientific notation implies the precision of the measurement expressed. 
The number 2.27 is correct to the nearest hundredth because the last 
* significant digit is in the hundredths place. Thus it is implied that 
the length of a page is withir/22.65 cm and 22.74 cm. The distance to 
the sun is correct to the nearest 1 million. Thus it is implied that 
the distance to the sun is between 92,500,000 mi. and 93,400,1)00 mi. 

2 

Zero can be a significant digit. 2.3 10 has a different pre- 

2 2 
cisiorf than 2.30 K 10 because 2.3 X 10 is correct to the nearest 

* 2 

ten and has a range from 225 to 234 while 2.30 X - 10 is correct to the 

nearest unit and has a range from 229.5 Co 230.4 Notice that standard 

notation cannot make this distinction. 
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23 - 27 For each of the following measurements determine % 

a) the number. of significant digits of the measurement 

b) the precision of the measurement (correct to the neares.t 

c) the range of error of the measurement 

.4 .... _ _ . -2 



(23) 
(25) 
(27) 



1.324 X 10 
6.1 X 10" 2 
3.267 X 10 f 



(24) 
**26) 



2.7 X 10 



6.10 X 10 



-2 



Engineering notation is a modified' form o£ scientific notation. 
All numbers are shown with exponents of 10 that are multiples of 3. 



a number between 
1 and 1000* 



10' 



m 



(ra^ a multiple of 3) 



Examples: 

n 

standard notation 

5280 
'528 
.0528 



engineering notation 

5.28 X 10 3 
528 X 10° 
52.8 X 10~ 3 N 



< 

scientific notation 
,3 



5.28 X 10" 
5.28 X 10 J 
5.28 X 10 



-2 



This form of notation is particularly useful in scientific and engineering 
calculations where units of measure are, often specified in multiples of 
three. Some auxiliary metric prefixes further streamline the system. 



S 



prefix 



tera 
giga 
mega 
kilo 



definition 


prefix 


definition 


1 x io 12 






9 

1 X 10 


milli 


1 x io" 3 


1 X io 6 


micro 


* 1 X io" 6 


1 X 10 3 


nans 


1 x io" 9 




pico 


. 1 x io" 12 



more accurately 1 < ft < 1000. 



Two other metric prefixes comnonly used are deci (1 X 10 ) and cent! 
-2 

(1 y 10 ) but th^ae do not fit engineering notation. 



erJc 



( J 



Using thi* system a surveyor who is working with a distance of 
1,432,000 meters can express this distance as 1,432 megameters • 
Similarly the diameter of a blood cell is 0.0000075 meters or 7.5 
micrometers (generally shortened to microns) . 

* 

■ * 
28 - 35 Represent each of the^fo Hotting in engineering notation 
and check youfc answer on your calculator. Fix your calculator to an 
engineering format for 5 decimal places. 

(28) ^Tboi234 (29) .04732 

(30) .00000001 (31) 1234.56 

(32} 1.237 kilometers to meters (33) 8.37 nanoseconds to seconds 

(34) 6.32 megatons to tons (35) 2.04 milliliters to liters 



Oil 



You may new use the knowledge you have gained of exponents 
solve kinds of equations different from those you have studied b 
fore. 

EXAMPLE Solve x" 2 - i6 

-2 1 t 
Since x - -j , the equation is the same as 



X 




V 


16 


X 




1 - 


16x 


1 


2 


16 " 


X 



± £ - X 

t 

EXAMPLE Solve x - 16 - 0/ 

First, transform the equation to tWfe form 

- 16 



x*^ = k. 



Now you may apply two -methods 

(1) «* - tJJ so $7 ^ 16 

Taking the square mot of each member 

r 

Cubing 

x - ± 64 * 

t 

51. 



2.6 - 2 

« 

/ 



$7 . 



(2) Cube each neuter of Y7x - 14 



x 2 - 4096 

V 

Taking the* square root of each member 
x« ±64 



Note that method (1), taking roots first , keeps nunfcers small, and 
is preferable for that reason. ; 

There is another approach to such examples that we recommend. e 
Recall^the^ower rule (3 on page 2.1 - 2): , 

(xV-x ab 

•In the examples ve sought to convert the forms 

♦ x - 16 and x T * « 16 

each to the form 

1 » 

x ■ k (or alternately x - k) 

% 

To do this we raise each member of the equation to the same power: 
in each case selecting the power that will lead to x : 



? 



f 



* 

x",- *]fl.6*- ±4 J -. ±64* 



* J * * * • ' " <s 

Anther kind of equation ^rou stiould now be able to solve hap the 

variable a* expoment: this is called an exponential equation * 

«■ * ' 

* * • • v * • 

EXAMPLE a** 2 - J6 2X ~ L 

0 

To solve such an equation we seek the same base for each member: 
2 is such a base. Substituting 2 3 for 8, 2 4 for 16: 

V* ; • •« 

/ (2 3 ) x+2 - (2 4 ) 2x " 1 * 
2.3X+6 ^ ^8x-4 

Now since the bases are the same, the exponents must be equal 0 

v 3x + 6 - 8x - 4 v 

• - 

10 - 5x ' * 

J * ^ k f 



example - (;5)Hr 4 • »! 

, (Don't forget that .5 - f.) Two is a convenient base; 



* ' 

• Caution' must. be exercised' in dealing, with fractional exponent's. 

16 - JlT - 4, iri each cast the radical or exponent indicating* the 
principal (positive) root.. In salving an equation, however, you do 
not wish to lose negative roots. For that reason, when you apply 'square 
root (or a power with even denominator) you should alwaj* affix ± "' ** 
tp the resulting expression! * 



(2 X ) X - 2 
I'* - 2 2 



4 

Exercises: 



10 Solve and check each of the following: 



"(1) 


x'A - 


7 


OK 


5y" - 


10 


(5) 


-2 


25 " 


y - 


(7) 




1 , 
7 


(9) 


54n~^, 


- 6 



t (2) x \j2 - 3 

(4) jfi - 8 . • 1 

v ' . (6) 16c" 4 + 5-6 ' 

• -'la. 

(8) (9w) A - 1 

(10) 80b* /J - 5 

11-30 Solve and check each of the following: 

(ll) 2* - 16 * (12) 3 X - l'- '80 

(13)*7 X - 1 (14) 5 X - y~ 

(15) 25 2y - 5 / (16) 2 X+3 - 256 • 

/ (17) 256 - 4 3t " 2 . % (18) 4 • 2 4 - 8* 

(19) 5 2y+3 - j (20) 7 3x+I - 49 X ** 

- (21) 8„ x_2 - 64 2x+2 . (22) 9 X " 2 - 3 X+1 

(23) 27 X+2 - (jj (24) 100 X+2 - 10000 X " k 

(25) 6 4 *" 3 )- 2 " 125" X - 8 (26) Y3 3 ) 2x - 6 - fr 2 f 



(27) 



3 3-x^2x-l ) u 81 , * (28) 9 x^4x) u _L_ 



(29) (6 2x )(36) - 216 X ". 1 (30) 3** 3 + 3** 2 - 12 



31 - 35 Decide whether each ->f the following is true or false 

"(31) If x' 4 r 25 * then, x - 5 j 
,4 



(32) I^1 X - 1 
(33<*ir£) X - 



then x * 4 
4 then x - -2 



84 



(34) If 2 - +1 then x - 0 

(35) If 5" X - 25 then x - | 



36 - 39 All of the preceding exerciser"n»ye been contrived to 
"come out even", that is, to give values that aire integers or at 
least reasonable fractions. You 



approximate answers to other e*er£i<es^ 



can use your calculator to determine 



EXAMPLE Solve 5 ■ 19 to thousandths 
.1 . . .2 



Since 5-5 and 5 

Using the calc&lato^Cgith the keystroke sequence 



25 ve^now 1 < x < 2 



ALGEBRAIC 
RPN 



trial power 



-trial power 



0 



following 


V 


1.5 


11.1803 


■ 1.8 


18.12 


1.9 


21.28 


' 1.85 


19. '64, 


. 1.83 


19.02 


.1.82 


18.71 


1.825 


18.86 


1.828 


18 ..95 


1.829 


18.*99 


^T8295 


19.00053 



1.8 < x < 1.9 
1.82 < x < 1.83 , 



1.829 < x < 1.831 
x - 1.829 



T 



find x t9 the nearest: hundredth 



(36) 3' 
(38) 10* 



100 
• 500 



(37) 
4 (39) 



10 X - 50 
10 X - 5 



ERJC 



sr, 



2.7 - 1 



2 « 7 ggjgg Exponents to Calculate 



W« will introduce this ncv concept indirectly, 
struct a table of powers of 4. 



Fir at we con- 



/ 



11 


0 


1 


2 


3 


4 


? 


6 


7 


8 


4 tt 


1 


4 


16 


64 


' '256 


1Q24- 


4096 


16384 


65^36 



Now we notice an important short-cut for multfplyi^ numbers in the 
lower row of the table. 

EXAMPLE 64 X 256 ■ ? 

Add the numbers about 64 and 256 (3 + 4) and look below 
*he sum (7) for the answer fo384. * 

Try this shortcut yourself for other products "tike 16 X 4096, 64 X 64, 
and 256 X 256. , 

Of course the reason for the short-cut should be clear to you. 
You have performed *he multiplication in the following way: 



64 X 256 
4 3 X 4 4 

16384 



from the table 
y>y the rule* for exponents. 
fr,om the tabi^. 



We can extend 'the table slightly by^using some other exponent 
. rules. For example, 4 1 ' 5 - 4^" - 2 3 - 8, etc. 



1- 
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/ 



. 't 



2.7 * 2 



( 



/■ 



n 


4 n 


B " # 


« 4° 






0 


1 


* 5 


1024 


- 




.5 


2 


5,5 


2048 






1 


4 


6 


4096 




- 


1.5 


o 
o 


6.5 


8192 














L 




7 


16384 






2.5 


32 


7 5 


3?76fT 






3 


64 r 


8 


65536 






3.5 


128 ' • 


8.5 


131,072 




r 




256 


9 


262,144' 








512 ' 


9.5 


524,288 






9 




AO 


1,048,576 







With the new table you can perform still more nultiplication#using 

the same short-cut 
» 

EXAMPLE 128 . 2048 

I t 

3.3'+ 5.5 « 9 exponents of 4 

t 

262144. 

Try other* products like 32 1024 and 32768 * *2. 



It would seem that this method* cpuld be extended to other cal- 

* * 2 7' 

culations if w$ could represent other powers of four, like 4 for 

example. In fact exactly this is true.- We will show some example* 

of this in the followi ng t able. You may check our valpes with your 

calculator (using the |y X J key). 



9 
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n 


4° • 


0 


1 . 


.1 


1.1487 


-2 


1.3195 


.3 


.1.5157 


.4 


1.7411 


.5 


2.1*00 


.6 


2.2974 


.7 


2.6390 


.8 


3.0314 



\ 



\ 



57 



2.7 





4 


.9 


3.4822 


1.0 


4.0000 


1.1 


4.5948 


1.2 


5.2780 


1.3 


6.0629 


1.4 


#6.9644 


1.5 


8.0000 



How we can calculate other products approximately) by the same 
shortcut: 



EXAMPLE 



1.7411 X 2.6390 

. t t 

" .4 + .7 



■ 1.1 exponents of 4 

I- 

4.5948 



Check to see, that?*other products may be calculated by the same short- 
cut, for example' 1.T487 X 2.2974 « 2.6390 and 1.5157 X 2.6390 « 4. 
(Notice how in the last example the. answer Is not exact.) 



Exercises: 



1-8 By using your calculator, extend the table on page 2.7 ■ 
tenths to 3.0. Use the two tables to calculate 

^(2) 1.3195 * 32 
(4) 6.0629 X 6.0629 
(6) 13.9288 X 3.4822 



2 by 



(1) 
(3) 
(5) 
(7) 



3.0314 X. 18.3792 

9.1896 * 5.278 

6.9644 * 9.1896 

1.1487 X-42.2243 



(8) <fc X 21.1121 



X. 



9-17 There are problems vith^outf^procedure. For one thing^e^have # 
the "nice" numbers In the left hand column (n) and only a few reasonable 
numbers (the exact powers of 2) In the right column. We are faced wfth 
the problem: How can we multiply 5 .X 19- by this means? He will explore' 
this problem in the following exercises. v 
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56 



2.7 - 4 



9-11 We seek a in 4 n - 5 



(9) Between what two integers is n? 

(10) From your tables locate n between values to tenths. . * 

(11) Use your calculator xo find n (by trial and error) to hundredths, 



12 We seek n in 4 n • 19 



(12) Locate n between two integers. 

(13) Locate n between tenths from your tables... 

(14) Use your calculator to find n to hundredths. 

(15) Enter your answers ^fron exercises 11 and 14 in the following table 

V • 



' n 



4 n 



5 



/ * 1 

(16) Use the 'short-cut" to find the product' 5 X 19. (You know the 
product but check it by adding values of n and then raising 4 
to that power with your calculator.) 

(17) Why do you think your answer is not exactly 95? 

18 - 26 We have used the tables Co multiply. They can also be used 
to divide.. 

(18) 4 5 t 4 3 - 4 X What is x? 

(19) To divide numbers in thfe 4° column, numbers in the n co'luran. 

Use this short-cut and your tables to calculate: 

(20) 18.3792 t 3.0314 " (21) 13.9288 t 3.4822 ±f 
.(22) 42.2.243 * 6.0629 (23) 21.1121 f 2.6399 

(24) 48.5029 f 6.9644 ' * ; (25) 55.7152 f 4.5948 < 

< I 



2.7 - 5 

« 



(26) Use your answer to exercise 15 to calculate 19 4- 5 by this 
news. 

"i 

27 - 30 Make a table of powers of 3 by tenths from 0 to 1. Ose it 
to calculate 

' (27) 1.3904 X 1.5518 ^28) 1.2J57 X 2.1577 

(29) 1.11612 X 2.6879 (30) 1.3904 X 1.3904 




2.8 - 1 



2.8 „ Powers of Ten % 

In section 4.7 we conducted* tables relating powers 0 f 4 
Und 3 in the exercise.) t^nu^er^ W used those table, to cal- 
culate. This method i. widely used in science for mtny .ore im- 
portant purpose, in addition to calculation, but instead of the base. 
3 or 4 the. following are more often used: 

e ( * 2 .7 + ) 
2 

l'O 

i 

While the first two base, are very important, in thi, section we 
will study only base 10. Many of the idea, we develop about this 
base will apply jLO^tbe^ther bases as well. 

Preliminary Exercises: 



when necessary 


1. n 


10° 


0 




1 


\ 


2 




3 




4 




4. n 


'io n ' 


1.1 




2.1 




3.1 




4.1 




.1 





your calculator 



2. 



0 
-1 
-2 
-3 
-4 



.7 
1.7 

2.7 ' 
3.7 



10' 



10' 



-3 



0 

• .r 

.2 

.3 
• .4 

.5 

.6 

*7 

.8 

.9 
1.0 



10 (to 4 decifaal digits, 
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Now, of course, you can calculate the sane kinds of exercises 
that you did with the 3 f s and 4's power tables in section 2.7. 

• EXAMPLE, Use the tables of exercise 3 to calculate 



1,5849 * 3,1623 

t i 

.2 + , .5 



.7 
t 

5.0119 



(exponents of 10) 



Here you are applying basic rules of exponents. 



1.5849 - 10 
X 3.1623 - 10 



.2 



.5 



2 5 7 

10' ' 10* - 10" 



10' 7 - 5.0119 
Study the following exaoples carefully. 



EXAMPLE: 7.9433 

I 



.9 



2.5119 

•t 

.4 .'. 



.5 

I 

3.1623 



10' 9 t io ,A * io* 5 



EXAMPLE: (1.5849)" 

•..I 



.2 X 3 - 



.6. 
t 

3.9811 



(IO' 2 ) 3 - IO* 6 



EXAMPLE: 



6.310 

: , 

•8. * Z 



.2 



I 

1.5849 



(10- 8 )^ - IO" 2 



You will explore some additional properties of powers of ten in 
the exercises. / ' 



Exercises : 

(1) Xxtend the t^Plfe of preliminary exercise 2 to 2 (by tenths). * 

(2*lQ) Use the tables of preliminary exercis**3 and exercise 1 

to calculate the following by short-cut. / <rr 

\ - / 

(2) • 1.2539 y 3.9811 (3)/ 1.9953 x. 7.9433 

(4) 10 f 2.5119* / ( 5 £ 6.3096 x 2.5119 ^ 5.0119 

/ 

(6) \| 25.1189 p) (2.5119) 5 



(8) (7.9433)^ • (9) $ 31.6228 

(10) :< 3.9811 ■ 5.Q11Q 2 

31.6228 s 

(11) Compare your table entries for n - .l and n - 1.1. How do 
they relate? * * 

(12) Generalize exercise 11. 

(13) What would you expect to be the tabic entry for n ■ 2.1? 3.1? 

(14) How does the equation 10 1 • 10* 1 - 1Q 1 * 1 re i at e to exercise 11. 

(15) Write an equation like that of exercise 14 to explain the re- 
lationships of exfcrcise 13. * 

(16) Extend the taMe of exercises I to -1 by tenths (n - -.1, -2, 

(17) How do the new entri-3 relat^ to your other tables? 

(18 -^25) Use your table of exercisft 16 to calcalate 

(18) 10 X .7943 ; \ (i 9) ^J^isaT 
»(20) 25.1189 i .1259 ' \ ( 2 1) *(.5012) 3 



(jjs \ 19.9526 X 1.9953 \ */, 

(22) V j385 " \ ( 23 ) (-2512/* 

(24) - 1259 3^ 8 { 5 ; 12 ' ' ' * \(25) * 31,6228 x 19.9526 

' .1259 



2.9 Logarithms 



The exponents you worked with in Section 2*8 are usually called 
logarithm or logs for short. In fact logarithm with base 10 a%k 
defined by the equation ^ 



10 



log N 



Thus log N is the power to tfiich ten must be raised to give N. More 
generally 



l 0gb N 



N 



In this case logjN (read "log to the base b of N") is the exponent to 
which b is raised to give S. 



EXAMPLES: 



log 2 8 .. 

2 - 8 and log 2 8 -3 (Be sure to see why!) 

log e l / 

e - 1 and log 1*0 



When the base is pot noted it is understood to be 10. 



Exanplea: log 100 * 2 . 

log .1 - -1 



(since 10 - 100) 
(since l<f 1 - .1) 



Another interpretation of logs is often useful. The following 
two equations are equivalent: 



The notation In N is used for the natural log of N: In N 4 log^N vhere 
e - 2.7 : e is an important constant "(like 1h) in advancecy mathematics. 



94 



( 



2.9 - 2 



/ x 



EXPONENTIAL E0K1 
b « p 



<=?> 



LOGARITHMIC FORM 1 
l 0gb p - I » 



This translation between exponential form and logarithmic form is 
best remembered by a few key examples ^ • 



Examples: 



10 - 100 
2 3 - 8 



; 

log 1Q 100 - 2 or log 100-2 
log^8- 3 



\ 



Two hints for remembering this relationship 



1. Note how the base is the same 



2 3 - 8 



log^ S - ^ (Recall log to the base 2 of 8 is 3.) 



— V, 



Dase 

2. The log equation says, ff the log... is Remember that a 

log is an exponent *o the number following * * is 1 ' will be the ex- 
ponent r 

exponent or log 

1- 



2 3 -8 



log^-- 3 



Exercises : 

(1 - 6) Using the defining equation 
following as a power of 10.* 



lotzN » 

10 6 , express' each of the 



(1) 12 
(4) 2846 

r 

■ ' 1 



Example: 5-10 



log 5 



(2) .07 

(3) \ 



(3) '13 
1 (6) IK 
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(7 - 


IS) Giv* x 


as a 


logarithm in each exercise 




Example 5 X 


- 37 


x - log 5 37 


<7) 


3 X - 27 




(8) 2* - 16 . (9) 487 X - 1 '. 


(10) 


32* - 2- 




(11) < 10^- 1000 (12), 10 X - .1 


(13) 


10 ■ z 




• (1^) f 10 X - 387 (15) 10 X -'10 


(16) 


In exercises 7 


? 15, give tlje value of x when you know it. 


• 


Example: 5 X * 


25 


x - lbg 5 25 - 2 


(17 - 


28) Write equivalent log equation! for the following exponential' 




equations. 








2 

Exaople: 5 


- 25 


log 5 25 - 2 


(17) 


10 3 - ICKiO 




(18) 10" 1 - .1 • V_xi£)^ ? 5 -32 . * 


(20) 


2 

3-9 




v (21) 3. 7 2,5 - 26.33 (22) 10* 3010 - 2 


(23) 


10- 4771 - 3 




.(24) io ,778 V* (25) 10"* 477l -j 


(26) 


10" 2 - .01 




* r ' 5 2 
(27) 10 J - 100,000 (28) e - 7.3* (log 



♦ 

• ■ . i 

X ■ * ■ 

' i 
«♦ • * , 



2.10 - V S 



2.10 Calculating wl^th Logarithms ^ * - 

t 

Three basic theorems are basic to- calculation with logarithms. 



I. log (xy) - log x + log j 

IT. r log - log x - log y 

V p 

III. * log x r « p log X 



Proofs of these important theorems are all based on tKe^ def i- 
nition of logs 9 ^ 

• 10 108N -N. 
Proof of I: xy ■ 10 108 Xy . x - I0 lo 8 X and y * 10 lo 8 y 

* xy - (10 lo « x )(l0 lo 8 y ) - lo^gjcj^log 7 by Exp Law (1) 

r 

Since the underscored terms are each equal to xy: 
I0 log xy - io log * + 108 7 

Since the bases are the same the exponents are also equal; 

\ * 

log\xy - log x + log y 



Proof of 111: rff - la 



log X* 



x P - (lb l0 » X ) P ■ 10 P l0 e * by Exp Law (3),- p. 2.1 -2. 



Since the, underscored terms are each equal to x^; 
io log X ^ - 10 P < log X 



2.10 - 2 



Since the bases are equal the exponents are also equal: 
log - f log X, 



Example: 

log (3 • 5)- log 3 + log 5 

log |~ - ldg 34.7 - log 23.4 



log (2.7) 7 - 7 log 2.7 



To calculate with logs Che following steps are followed: 

(1) Find the fogs of the markers 

(2) Calculate by the appropriate^ log techniques (using Theorems I - III) 

(3) Restore the miner ical answer by 10 X 

Example : ' Calculate 38.47 * 56.14 

log (38.47 X 56.14) - iog 38.47 + log 56.14 ^(by I) 
-i.5851'+ 1.74*3, (by calculator) 
- 3.3344 I (by calculator) 

t 

3 3344 

10 * - 2159,7 . (by calculator) . * 

Example : Calculate (34.3) ,347 ^ t 

347 

log (34. 3) #JH/ - .347 log 34.3 (by lift 

- .347 (1.5353) - .5327 (by calculator) 
.5327 

10 0 - 3.4099 (by calculator) 



s 
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Exercises: 



I.- Use the method of proof of Theorem I to prove Theorem II. 
2 *12. Calculate by using logs. Use your calculator only to process 
the logarithtw and to calculate 10 X . 



(2) 
(4) 

(6) 



74.1 X 1.64 

(82. 7) 1 ' 4 

38.5 X~62.4 
71.8 



. (8) 23.7 X 41.3' 
(10) 61.2 t (43.6) 
(12) fr* 



1.3 



(3) .163. * 2.18 
,(5) ^T34~ f»ote: Use 34 ) 

(7) 



143 .-6 



71.2 X 84.7 
(f) nSTSZTT X 81.2 
(11) 45' 6 * 34' 02 - 



\ 



9 



r 



/ 



2*11 Logarithmic Equations ^ \ \ 

0 

In Section 2.10 we developed the basic properties of logarithms 
vhi,ch may be summarised as follows: 



\ Logarithms 

I , . 

Multiplication fL* Addition 

Division ' -» a4 Subtraction 

Powers — » Multiplication 

Roots . — ► ' Division * , 



These properrffes may be used in translating algebraic equations into 

logarithmic equations. 

v b 2 

Examp le , Express a » — as a log equation. 

l log a - 2 log b - log c 

Example : Calculate by logs: 42 ' 5 * 37 

'/ 23 4 

- Solution steps : 

1 . Form an equation x - 42 * 5 '? < 37 

23 ~ 

\ 

, 2. Use log properties to write' a logarithmic .equation 

' # log x - log 4^.5 + 3 log 37 - 4 log 23 

3. Determine. the logs and simplify 

lflfe x - 1.6284 + 3(1.5682) - 4(1.3617) - # 8861 

4, Return from logs to algej>ra by using. 10* (Recall 
• lQ l0g X - x)* " x ■ 7.69 (ID" 8861 - 7.69) 

Example :. If log x » a,-, express lo 8 (loo^ in terms of a 
log ^00^ - log x - log 100 - a. - 2. 



A 



The process of re&irnihg from logs is often called antilog. Thus atftilog N 
is -the 'seme as 10 and in this case antilog- .8861 * 7.69. 
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Exercises : * 

<-Write logarithmic equatioy for each of the following: 

> X 
267 



(1) x-'Pr*r& ' (2) x-23 2 ^T 



(5) a - b 2 c (6/ a - — ^ 



7 -''14 For the following exercises let log x - a, log y - b, log z * c 
Express answers in terms of a, b and c. 




(8) log * 



(10) log ^ 
z 

kll) log (10002) (12) log (.Oly) 

(13). lo^x tTT (14) log iJV- 



15 22 Translate the given log equation into an algebraic equation. 



Simplify when possible, 



(15) log x - log 3 - log 5 (16) log x « log 3 + log 5 

(17) log x - 2 log 5 (18) log x - 2 + log 5 (See Ex. 11 

1 ' • 

(19) log x - - log 36 (20)' log x - 2 log y + 3 log z 

(21) log x - log 100-3* (.22) log, 100 - log x - log 5 

, (23) If log x - a, find antilog 2a. (See footnote on page 2.11 - 1) 

(24) If log x - a, find antilog" {a + 2). 

(25) If log x - a and log y - b, find antilog (2a - 3b). 

26-30 Solve for jc: 

.(26) 3 k - 30 - . 

Solution: Write the log equation x log 3 - log "30 

~" Solve for x x - lo g 30 

log 3 

(Note that this, is division, not subtraction) 

/Use your calculator to find x , ,„„, 

. 1.4771 . , _ 
x - -f-f- - 3.0960 



2.11 - 3 



(2t) 2 X - 10 
(21) 4 X - 21 



(28) 5* - .5 
(30) 3'. 14* - 5.12 



X 



v 
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2 * 12 drapha 0 f Exponential and Logarithmic FunctsLo 



ns 



In the exercises for this section you will be asked to -con- 
struct graphs for various exponential and logarithmic functions. 
This is easily accomplished by making a table x>£ values (by using 
y^ur calculator) and. plotting the resulting points. 

Here ve suggest how you c-uld sketch the graph of two related 
functions without use of the calculator: 

Example: ' Sketch the grap< of y - 2 X , for values of x in* the 
range -3 < x < 3. 



-10 



Exag P U: Sketch the graph of y « l 0 g o x for values of x 
in the range £ < x < 8 

Solution: Recall that the equation y - log x U equivalent 



to 



2 y - x. * 



„ .Thus we can construct our table § of values 



i 

8 

1 
4 

1 
2 

1 

2 

4 

8 



-3 

*-2 



0 
1 
2 
3 



J 



1 T 



-1« 



•2 ■> 



■3 "J 



4 



-M- 



\ 



r 



i 2.12 - 3 . 

Exercises: ' 
1-5 Use your calculator to locate additional^-ffotnts for the graph 
y « 2 . Check to see that they would lie on the graph on page 

2.12 - \ : 

(1) (.5, 2* 5 ) (Solution 2* 5 - . Is the point f.5,- 1.4 + ) on the graph 

(2) (1.5, 2* 1 ' 5 ) '(3) x - 2.5 
(4) x = -.5 ^~ (5) x - -1.5*, 

6 - 10 Logate additional points for the* graph y » log£X. Check to - 
see that they would lie on the graph on page 2.12-2. 

(6) (3, log-3) f (Solution log-3 ± y translates to 2 y --3. You may 

f find that by direct trial with your calculator or by the method of 
' exercises 26 - 30 on p. 2.11 - 3.) 

(7) (5, log* 2 5) (8) (6, log 2 6) 
(9) x - 7 ' . ' (10) . x » .7, 

11 - 15 Set up axes on a sheet of graph paper with range -2 < y <,10 
and domain -2 < x < 1Q 

Draw the graph of .y - 10 for x-values* in the domain -2 ^ z _ : 1. 
Plot at least ten values (determined by calculator) on your graph. 

' r 

(12) Draw the graph of y * log x £2. the* same graph sheet. Plot at. 
least ten values (detepnined by calculator)^ on your graph. 

(13) Draw the- graph of y » x on the same graph sheet. x 

(14) Crease your graph along^ the line y - x. WhatlSo you notice about ' 
the other two graphs^? , 

(15) Explain why this relation holds, 

(16) Sketch the graph y * 3 X for x-values in the domain -2 < x < 2.* 

(17) Sketch the graph y - logjX for x values in the domain \ < * < 9. 



erJc 



2. 13 Chapter 2 - TEST 

(1 - 10) Answer each of the following questions. 
1) ' Find n when log n = 1 + log 2. . 



2. 13 - 1 



2) If 3 X = 9 y , express x in terms of 

3) If log 81 = *4/3 find b. , v 



S 



10. 



4) Find the smallest integral value of x sue* that (— ) > 

5) If log a 2 = b and log 3 = c, express log 54 in terms of b and c. 

6) If y = log 5, find the value of l^ 2y . 

7) Solve for y: 3 2y+3 = j . 

-5/2 

8) . Solve for x: x =32.' 

> 

9) What is the domain of y = log x? * r 

10) Rewrite .0003472 in scientific notation. ' . 

(11 - 20) Match each question with the letter that best answers the question. 

0-1-4 

11) - 3 U (3 - r 3 *) 

12) (2.. 7)(10" 1 ); f ' * 

13) x X+ ' 3 =8; x = 

14) [,,rh; 1/2 

-2/3 

1ST . x = 9; x = 



16) 
17) 



27 iTTi 3" 1 - J? 
3/2 



A) 


+ !_ 
27 




B) 


27 




C) 


2. 7. 




D) 
E) 


. 27 
. 027 




F) 


JTT 


t 


G) 


None of 


thfi above 



18) (-27f 2 ^ . y 

6, 



19) (0.~0^027)(10°1 

? 0, 12j /2 * 27°,. 3 - 3 

27 ' 
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2. 13 L 2 



21} .Find th6 exact Value of (345621) 2 . . 1 

♦ » « • 

(22 - 23) Choose one of the following two questions. 1 

* • 

22 a) • Graph the function f(x) = 2. 3 X for.values of x between -3 and * 

• V • ' 

> 3 inclusive. v Label the graph with its equition. 

^ b) In the same set of axis used in p*art (a\)' graph the function g(x) = log 

for values of x . between 0 and 3 . Label the graph with its equation. 

'Ac) Using your graph approximate the value of log, , e 

4 • L - 3 

* 23 a) Graph the function f(x) = i for values of x between -3 anc^3 

inclusive. Label the grapjf with its equation. . . 
b) On the s.ame set of axis used in part (a) graph the function .y(x) = J 
for values of *r between -3 and 3 inclusive. Label the graph with its 
/ . : • 



'equation. 

c) Write a function that is the inverse of the function kx) = - 

• . 2 



x 
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Chapter 3 



TRIGONOMETRY OF THE RIGHT TRIANGLE 



In this section you trill review your understanding' -triTthe trigonometry 
of the right triangle and extend your knowledge" to tlx trignonetric func- 
tions. 

•■ • ' r 

♦ 

m 

3 « l Tha Six TrignooMtrlc Functions For Ac of Anglos . 

Whan you studied similar triangles you learned that thara are special 
relationships between the Measures -of tbe oeufc englas of a right triangle 
and the lengths of the sides of the triangle. These ratios of the sidss of 
a right triangle can be suanerlsod as follows: 



cosine (cos) L A**- len * th of ad1aCent 

length of hypotenuse At 



Tangent (tan) U< IfPRth of opposite lee BC 

length of adjacent leg AC 



( - 



where L\ ABC has a right angle at vertex C ae illustrated in the 
diagrwT 



Thus sin 

cos .v A - 
A * 



BC 
AB 
AC 
AB 
BC 
AC 



Sin t! ■ 
coa ti. B » 
tan L B • 



AC 
AB 
BC 
AB 
AC 
BC 



Hotice that the waluea of each function, are dlffereht for each acute angle 
o/ the right triangle. This is because the functions are defined by the 
relative, phrases opposite legend adjacent leg. \iany students reneaber 
the definitions of these functions by /the sneaonic: 



ERIC 



He will nae the abution BC to represent the length of the line seeasnt 
fro. B to C (BC). Si.il.rly a k, A represent. tZ^aeur. ef Se^EI 
whose vertex is at point A. ^ 




3.1 • 2 



4 



•la • 



ofjoo 



CM 



/ 



Algebra 



. tf these ratio*, sin, eoa 
three ace ratio* that arc celled 
cotangent (cot) respectively. 





ar# l*mrtftd tibmn ecu 4*f 1m 
(etc), stent <mc) aad 



etc 



cot \ A 



AC 
* al * 



cw JT " adj 
1 



opposite lag 

•fr- 
it lot 

t loo 

Opposite log 



In this ,sec tlou we arc doaUag only vlth.eeute on* right angle*. 
Wo will study other jjindo of angloo in future oaetloa*. Pill la the 
following charts by using the [sin) , jco*} and • (tan key* on your 
eel eels tor. Fin your ccleulator~to k Hoslnel plecee.TYoe will bedashed 
to recognise special properties of these functions in the exorcises at 
the end of this section. 



sin 



73* 



90" 



.7071 



A 



60 
90° 



coo 



.9*59 



4 tr 



15 
*° 

90 C 



37.2900 
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b« 



calculator probably doae not have special kaya to date nine 
(?•*), eecaat (*ac) lad cotangent (cot)? These values can 
by oalng the fact out •*» 



arc raclprocals. 




'To find cac 1° too ohoald find ale 1° and than bay 
57.2987 - cac 1°. Coaplcte tha following tablee: 



1 
x 



i thua 





cac ^ 


0° 




1? 

U o 
45° 


57.2987 

\ 


60° 

75 o 
89° 

90° . 


1.0002 



l5 « 

45 C 

60 c 

90 fl 



1.1547, 



arror 



15 s 
30 e 
45 e 
60 C 

"I 
89 C 

90° 



cot 



i 



0.2679 



ftBarclaa aat 3.1 
1 - 0 flange XR haa a right angla at Z. 



f ■ 






* 


t«m 


of XT, 


1)1 


v '** 


**• 


3) 


.eot 


i T - 


5) 


•*c 


< *• 


7) 

i 


•In 




a* 








ZZ find: 



V 
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Hota #etn - eot alt abbreviation 



2) 


co a 


i 


T - 


4) 


tan 


i 


Z - 


6) 


cac 


t 


X - 


8) 


aee 


i 


T - 



I in 



1/ 
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9 • 12 la each of ch« following ^A is ah acute angle of right 
triangle ABC harlot right eagle at C. Plod the to loos of each of 
th« other five fsactloss &a4 sketch « diegraa of math crieagle indica- 
ting to* length of oach aide. 




•In i A - 7- 



So 



coo ^ 



3 
5 

U«J A- ± 

cot % A - | 

5 
3 



by the Pythagorean Relation 

(AC) 2 + (IC) 2 - (AB) 2 

2 2 2 
(AC)* + 4* - 5* 

(AC) 2 +16 - 25 

(AC) 2 - 9 

AC - 3 



H€ ^ A 

etc 



4 



tL 



\ 5 



A 



9) 
U) 



cos j£ 



»■ It 

>- ! 



10) 
12) 



ten ^ A 

cot ^ A 



2.4 
t 



13-17 A ABC end 
a D - 44/. 



A 



DEP ere both right triangle*. ■ j£ A 



44 




13) Why 



is A AB 



ABC slaller to 



A 




DO? 
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14) Find sin ^ B tad tin ^ E. Why «rt these the^san* or dif- 
ferent? & 

15) U AC - 10.00, BC = 9.66 and DF - 3.00, find EF. 
H) Ueiag ypor results in (15) find AS and DE. 

17) Find AS. and DE by u.inj a nethod different fron tha method ym, 
oaed in (16). 

Look hack at tfaa teble* that you filled in eerlier in thia eection. 
Wa would lika to make acme observations. 



Example: Fron your tab las you should notice that the same values appear 
for the aln and cos. 

*> 

' BC 
- J A " AB " » 



Thua ain x° - cos 190 - x)° . For ezanple, sin 1° - cos 89° and 
ain 45° - cos 45°. 

f * , 

18 - 19 aiawtr H*h of the following ^ntloxm and Ytrify your reipotue. ' 
by a atthod tiallar to thaVpua ond i a th« «mplo abor*. 



19) Why is t*a^l5 0 • cot 75°? 

20) Find each Tf.tpia following: 

sin 0° 



r 



COS o° ^ 
■ in 1°' 

COS 1° /" 



tin 15° 
cos 15° 



h 



> 



fat. - 
cos 30T 
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Hon eonpere your anewere with the eatriee in your tablet. Make a V 
(MM about ksJ5° 



Co§ 75 0 



What le^the relation bet»e%u tin ^ A, cot ^ a end tan i A ? 
Why la thia true? (Hint: usa a triangle auch aa " 




▼ 

21) What de yon gueea ia true about cec, tec and cot? Support your 
conjecture by uaing a method tiwilar to that in exerclae 20. 



You know that the hypo tenuee la alwaya the longaat alda of a right 
triangle. Therefore the a in and coa of any acute ang^a uuet be leaa 
than one becauae in each of theee ratioa the numerator ia ewe Her than 
the denominator. 

■»»Ui -in ^ A ■ g 

BC C 
„ S < 1 ******* BC < AB. 

22 - 27 Oalng a rg ima u ta eiadlar to the preceding example, explain 
each of the following: 

22) * Th# wNcinc of any acuta angle la alvaya graatar than 1. 

23) The eecant of any acute angle la alwaya greater than 1. 
2A) The tangent of an acuta angle ia greater than 1. 

23) Tha value of the a in* of an acuta angle lncrtaaea aa the measure 
of the angle lncreaaea. s 

26) Tha value of the coalna of an acuta angle decraaaea aa the meaaure 
of tha angle lncreaaea. 

27) The value of the tangent of an acate angle lncreaaea faatar than 
die alne of an acuta angle. 

C 




A 



s 



C 
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28-29 To« have probably noticed chat several entries in your 
table are rather unusual, cac 0° - error message 

cot 0 ■ error message * 

tan 90° ■ error message 

x ' 90** • error message 

28) Make e conjecture about why yon get these error nes sagas on yonr 
calculator. 

29) Make a conjecture about why sin 0° - 0 and cos 0° - 1. /• 

• / 

30 - 35 Decide whether each of -the' following la true or false.* 

30) If £ A Is an acuta angle than sin ^ A + cos ^ A > 1. 

31) The cosine of an scats angle Is always greater than the sine of 
the save angle. 

32) J If ^ A and B are acute angles in a right triangle then 

sin £ A - coi \± B - 0. . 

33) If ^ A and^ B are acuta angles and m ^ A < ■ ^ b then 
tan ^ A tan j£ B. 

34) ' If sin j£ A - cos jj A and £ A is acuta than ■ j£. A • 45°. 

35) If ^ A and B are acuta angles in a right triangle then , 
sin % A • cos % B - 1 . 



* C 

Toe nay wish to test specific values with your calculator but if you 
* answer '•true" you oust assure yourself that the atateaent is true over 
/ the entire range of values. 

ERIC . U-J 
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3.2 Vtiatlon* of the Trigonometric Function*: 



7 



A* a angle change* size, tha value* o£ any of the six trigno- 
aatrlc functions alao change. 

^jM*"** below contain* three right trianglee. AC la a leg 
of each of theae triangles. . a* 



■ i DAC 
tan £ 

tan j£ EAC 

tan j£ BAC 



DAC - — 
AC 



EAC < a 



BAC. 



EC 

AC 
BC 
AC 




and DC < K < BC •otan^DAC^tan^EAC^taa^BAC. So yon probably 
recognized £rosi the 1 tables that yon collated la sect ion 3.1 that a* an 
acute angle increase* le* tangent lncraaeea also. When the neasorc of an 
angle is very close to zero the length of the side opposite that angle Is 
aleo very email so its tangent Is very close to zero, if a triangle could 
have an angle whoee aeceere was sero the side opposite would be sero so its 
tangent would be sero. When the eagle has a measure of 45° a* ^ BAC then 

the triangle is Isosceles end EC - AC so tan 45 - 5* - 1 

AC s 



If the angle st A had a ■eaeure cfjLose to 90° then the side opposite 
it would be very long while AC would reaeln constant. Hence the tangent 
of such an 'angle would be very*large. Cooplete the following equations by 
using your calculator (set to 2 decimal places. ) 
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ten 80 - 
tan 85° - 
tan 89° - 
tan 89.5° - 
tan 89.75° - 
tan 89.95° - 
tan 89.99° - > 
tan 89.999° - 
tan 90° - 



/ 



i i: 



j 



v 



3.2 



Tour calculator proiably gives you an arror m stag a for tan 90°. Wa will 
discuss why thla la trv* in f^ttrre sections that deal vith as^laa that 
ara not acuta. 



An av 



AO _ * _T ... 

**u ue iwcmife positions 



of tba faypotanuaa as an angle changes In else. Each of thase haa the" ^ 
sem langtfa as thay ara radii of tha sane clrcla whose canter Is at A. 

•In ^ DAE - DK 



•in j( PAG - 
•in ^ BAI - 

V 

and Afi - AD - AP> 

BC < DE < PG < HI 



AD 
PG 
AF 

m 

AH 



AH jnd 




So «in j£ ' BAC < sin ^ DAE < sin j£ PAG < ain ^ HAI. 

t 

Whan tha masure of the angle Is very near zero tha length of the opposite*' 
slda is very near aero. When tha measure of the angle is very near 9<f the 
length of the opposite sld^ Is vary near the length of the hypotenuse so 
the value of tha sine ratio Is very nearly one. , 

Exercise set 3.2 „ 1 

> 

0«e the diegraa above to anever each of tha following quea-" 
tiona. \ ' 

1) coa ^ BAC - 2) coa ^ DAE - 

3) coa ^ PAG - % U) cos ^ HAI - 

5) What inequality can yon write eneng AI, AG, AB and AC? AI__ AG AE AC. 

6) If tha measure of an angle i« near rero ita coaine auat be near . 

Why? 



7) ff the aeaeure of as angle ia near 90 ita coaine tauat be near . 

Why? , * 

I) Why doea the coaine of an acute angle decreaae aa the raeaaufe of tha 
angle lncreaeee? 1 
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Complete each 0 £ the following Inequalities using < or > . 
Dm your calculators. 

« |_! - f_| 10) - 2_> «* 1_1 - 



...5 2 7 1 

"'7—3 «* j— 2 



12) .256 _. 583 amd 



13) If * < J . then J | ., when x, y, a and b are positive. Why' 

You know about the reciprocal rslationshlps between pairs of trigo- 
nometric functions. Complete the following: 

14) — 

16) 

1 I 



1 


CM 


X 


1 




MC 


X 


1 





cot X 



Complete each of tha following inequalities using < or > . 

17) sin 10 < sin 70 so esc 10 esc 70. | 

18) sec 50 < sec 85 so cos 50 eos 85. 

19) tan 10 < tan 30 so cot 10 cot 30. 



Coaplcte each of the following using the words Increases or decreeaes. 
20) As tha measure' of an acute angle Increases, the walue of Its cotangent 



21) as the measure of an acute angle decreases, the value of its secant 



22) Aa the measure of an acute angle Increases the walue of Its cosine' 



23) As the measure of an acute angle decreases, the walue of its sine 



* 

24) As the measure of an acute angle decreases, die' walue of Its tangent 



25) As the measure of an acute eagle Increases, the walue of Its 
cosecant 



1/ , 



\ r 



26) Complete the following table: 



• 

function 


value near 0 


beharior 0 to 90 


value 
near 90 


■in* 

i 1 1 . — — i 


near 0 






coeina 






near 0 


tang tut 




incnlaees 


t 


coMcinc 4 


* 


decreasee 


naar 1 


secant 




re- 


very larga 


cotangent 


very large 







(27 - 30) Fill each of' the following blanks with elthar 0 or 1. 



27) The tina of an acute angle la always greater than 
leaa than 



i ari 



• and 



23) The coaina of an acute ajggle is always greater than 

and leaa than « 
29) The tangent and cotangent of an acute angle is always ^greater 

than 



30) The secant and cosecant oY an acute angle is always greater than 



( 

3.3 



1 



3.3 leneial Right Triancle* 



In as ieoecele* right triangle tha lags *r« congruent. Ia 

/ \ABC, AC - BC. 



\ 




So ■ ^ A - 45 and » 
■ £ B - 45. 

let AC - BC - X. By the 
Pythagorean relation, 
(AC) 2 + (BC) 2 - (AB) 2 

a 2 + X 2 - (AB) 2 (substitution) 

2 2 
• U . - (AB) (addition) 

\EF. - 

\root of each aide 



AB 



alapllfication 
of radicals 



Heaca the Jang the of tha aldaa of gx laoscalaa triangle can be reprt- 
tenced aa 




and tin 45 - 
eoa 45 - 

tan 45 - 



X 




xiT 


■\PT 


X 


1 


x\fT 


uT 


x < 


- 1 


X 




X 
X 


- 1 



cot 45 

45 - SJL , !fT 



2 

JL 

2 



•ec 



esc 



45 - -siL, - Jf 



a^*.^* a ^aaaa a> *.** aava%*4«« ia^Ut 



v w — — av ^ — o — - 

the length of the hypotemiae ia the length of a leg tiaea ^ 
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1 * 



Find each of the following, using your calculator, 
clprocal relationships. 



the re- 



als 45 - 
cos 45 - 
tan 45 - 



cot 45 - 
sac 45 • 
csc 45 ■ 



■otic# tdat jour answers on your calculator are represented aa decimals 
and not as radicals. The calculator values that you have found are 
rational approximations of irrational numbers. It is Upoeslbls to rap* 
rdeeut an irrational amber such as a radical ( TF or |) by a termina- 
ting or repeating decimal. Moat of the trl gnome trie values are 
irrational numbers so the best ire can do is get an approximation. * This 
Is not a serious defect because generally our computations are accurate 
enough. Furthermore, calculators do some nice rounding for ui«* / 



9 i«c 43 m 9( liT) 

ce 45 " |JT 

9 —c 45 12.7279 

etc 45 - 1.41421 



(algubraically) 



9. 0000 (calculator) 



•ran though th« intaraadiata calculator .tap, 

".7279 . 
1.4142 * 9 * WD 



r 



Rombar that a 30-60-90 triangle it obtained whan an altituda 
(angle bi.eetor, aadlan) is put in an squilataral triangle. 

A \ In eouilat.r.l triangle ABC 

2a lat AD - X, than AB - 2X and 

again by tha Pythagoraan ralation 



e 





ftleo, calculator, generally work with aore digit, than they dieplay 
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(AD) 2 + (BD) 2 ' 

2 2 
ft + (BD)* 

2 2 

(BD)* 
BD 



( 



BD 



CAB)' 
2 

(2x) s (substitution) 
2 

4x (resort nf parenthesis) 

2 



3x 



(subtraction) 



z JT (sl«pltf7int radicals) 



taking the square 
root of both sides 



Hence the lengths of the sides of jjgj 3O-#0*j9© triangle* can be rep-, 
resented as 




■la 

£ 


30° 


X 

"ST" 


1 

2 




■In 60° - 


30° 


2x 


JT 

' 2 




cos 60° » 


tan 


30° 


X 

X vT 


- -i- • 

uT 


a. 

3 


tan 60° - 


cot 


30° 


J jejGT 

X 


■ - ifs 




t 

cot 60° - 


sec 


30° 


2x 

x \J3~ 


2 

'JT • 


uQT 

3 


•ec 60° - 


esc 


30° 


V 


2 


* 


csc 60° - 



x JT 


■* 


IT 




X 


I 


2x - 


2 


uQF. 




X 


i< 






2x 


- 2 


X 


V 


2x 


2 







i/T 

3 



2 i/T 
3 



Notice that la any 30-60-90 triangle the length of the hypotenuse is twice 
the length/ of the short 1m (opposite the 30 angle) and the length of the 
long leg (opposite the 60 eagle) is the length of the short leg . tines jy . 
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Coapltt* th« follow! 




,30^ 


/•In 


CO* 


tax 


cot 




etc 














60- t 















Cowpare these results to tfi« nflvts that we found above. Verify that tha 
values ara tha good approximations. 

tan 30° .i .5774 , J* - i .5774. * 

t va ara again dealing with rational approximation* of irrational 

r 

maters. 

Yon should know tha values of the function* for these particular 

* 

angles because they occur frequently. Do not try to nenorlae tables. If 
you do you will probably either gat. them tdxed up or drive yourself crazy. . 
An easier (and aore sane) way to reproduce these values is to draw triangles. 




X 



Ixercflses 3.3 

, for each of the following: 

(A) tfteraine your answer algebraically (don't use the charts in this section) 

(B) datersise your answer on your calculator 

(C) verify that (!) it t good approximation for (A) 
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*It i« iIm important and coorenieat to know 1/3 ' 1.7321, ^ » 
Ji ' 1.4142 nd£; .7071. 

12*. 



8660 



3.3 - 5 



(O 



Inaplst 



cot 45° + ts^ 45° 



jfiL + i - JL + i . i±JI / 

- 2 + 1 2 + 2 2 J 



(*) .7071 + 1.000 - 1.7071 



l+M . 3,4142 . l ?on 



(1) sin 30 + co» 45 

(3) 1 + tsn 45 

(5) cos 2 30 + sin 2 30** 

(7) Me 45 - 2 cos 60 



(2) tin 30 cot 60 + cos 30 sin 60 

(4) 2 cor 30 + 3 esc 30 

(6) 2 cos 45 - 3 cot 60 

(8) *ssc 30 + tic 30 



Find sll ths aldss sad sngLss of ssch of the following flgurss. 



(9) 



(10) 



/ 



(11) 




(13) 



(12) 



V 



(14^ 



• h- 



r 'X 



(7 



v 
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sin 30 cos 60 



(sin 30) class (cos 60) 



Vscsll thst cos 2 30 nesns (coi 30) 2 or (coo 30) class (cos 30) 



1.4 I 1 



3.4 Mgamurlng Angles 

We have been expretting the nuurn of toglti at degreet in 
decisis. Appropriately, these uititt of muum are called decimal 
degree*^ This haa beam compatible with the way aott calculators 
deal with the mature of angles. Very often the Mature of an angle 
it written in other unite that are expretMd at degree* - alnutes - 
second*. ^ 



60 alnutet - 


1 degree 


(60' - 


1°) 


60 seconds ■ 


1 ninute 


(60* - 


1') 



Thus, 35.5° - 35° 3o' and 47.26° - 47° 15' 36* . Too probably can 
easily verify th« first aquation above because .5 of a degree is 
claarly 30 admit es. The second equation requires aore careful analyst 



Exaaple 1: 



Convert 47.26 to degrees-ninutes- seconds . 

1° - 60' - 3600". 

.26° - .26(3600) - 936" 



936* - 15' 36' 



936 divided by 60 has 
a quotient of 15 and a 
reminder of 36 



so 47.26° -n 45° 15' 36" 



Exasglo 2 : ' Convert 53° 14/ 28* to decimal degrees 

14 y - 14(60) - 840* 
14' 28" - 840 + 28 - 868 " 
1600" m 868 /x 



3600 x - 868 
z - .2411 



Thus 53° 14 ' 28 " - 33.2411 



124 



3.4 



If you find the preceding OMpUt particularly tedious thin 



you will be especially happy to laara that w>st scientific calculators 
hare apaclal keys that make thcsa conversions in two keystrokes. We 
will new consider these exsaples again by using specific calculators. 



Kxaaple 3: 



(display) 



(display) 



Convart 47.26 to degrees, minutes and seconds 

V 

HP 33. TI 57 

47.26 47.26 (display) 



|f| l — H.MS 



INV 



2nd 



D. MS 



47.1536 



47.1536 (display) 



which Mans 47° 15' 36 " 

V 



Example 4 : Convert 53° \k' 28 // to decimal degrees 

HP 33 TI 57 



(display) 



(displsy) 



53.1428 

00 

53.2411 



53.1428 (display) 



2nd 



D.MS 



which neans 53.2411 



53.24111111 



A careful look at the similarities and differences of these examples 
can help us understand how these calculators work and also some of the 



HP- 33 keys 


-* H.MS 


and 


-» H 


are both on 


uses the additional keystroke 


INV in ex«r 



the . [ 6 | key. The TI- 
aaple 1. Notice that: 

— converting from decimal degrees to degrees, minutes 
and seconds 



* 

Make sure that you understand the mathematics used in eech of these 
examples.' They are tedious but the ideas are not particularly difficult 
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'— converting from degrees, ainuces and seconds to 
s\ „ decimal degrees ^ 

are inverse operations r so the logic exhibited by your calculator 
is r«eecma>le^ 

On both of these calculators (and indeed on aost scientific cal- 
culators) the deciaal degree foraat is DDD.dd where DDD represents the 
integer portion of thfr angle and .dd denotes the fractional portion 
written aa a deciaal. The degree-minute- second format uses DDD.MMSSsss 
where again DDD represents whole degrees, Iff represents nitrates, SS rep- 
resentsTseconds and sss represents fractional seconds. Observe that .in 
either case the decimal point separates the degrees from the minutes and 
seconds. 

If you hawe not already guessed H.MS represents hours-minutes-seconds. 
This is the same kind of meaeore as degrees-minutes-seconds, so you can use 
these conversions to change ordinary time (in hours-mlnutes-seconds) to 
decimal hours. 

3: m 3 hours 15 minutes - 3.25 hours 

3e75 hours - 3 hours 45 minutes. / 



Angles can be measured in units other than degrees*. Recall th*f 



jgfi of a revolution 



Another unit for measuring angles often used by engineers and scientists 



is called a grad, 



* rad " 400 of * r *"» lut ion 



thus a right angle > 100 grads 



90. 



Still another unff called a radian will be discussed later. 
There is no special symbol that represents grade. 
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12ti 



Mete scientific calculators do sde convert degreas Co grads or grads 
<*•»*••• by using • special key. Ua can develop a conversion by uaing 
proportion. 

grads 400 10 1 

and • 



srads 400 _ 10 1 

dafraas 360 9 " .9 



To convert from degrees to grads 
divide by .9 

To convert from grads to degress s 

multiply by .9 



Example 



90 - 90 ( f .9) - 100 grads 
150 grads - 150 Qt .9) - 135* 



Calculators "vaka-up" to a decimal decree format. To change to i 
grad formisf: press: y 



HP* 33 



TI 57 



GRD 



2nd Grad 



To change back to a degree format press: 



HP" 21 



TT57 



DEG 



D«8 



r 



3.4 - 5; 



* 



1« 7: 



Find (a) cot 75 grads th«a (b) find cot 67.5* 

HP- 33 TI 57 

- OH calculator! "vake-op" OK 



(diapiay) 75 

- 0H 

(display) 75.0000 

00 

(diapiay) - .3827 

answers to (a) 

"(diapiay) . 67.5 

f 

(diapiay) ' 67.5000 



0 



cos 



(diaplaf) 



.3827 
anewereVto (b). 



75 (diapiay) 
[2nd] [Grad| 

75 (diapiay) 



cot 



.3826834324 (diapiay) 



67.5 (display) 



2nd 



1*8 



67.5 



(display) 



2nd 



cos 



.3826834324 (display) 



The angular node (dagraes or grada) haa absolutely no tffact on 

calculations of this typa. Salecting xha angular node is assy to do 

and easy to. forget so be careful and keep track of tha node being uafed 

Another way that^angles can be measured is indirectly; 




In right triangle ABC, AB - 5, BC - 4 and AC - 3 * 

Find a ^ A and «W ^B . 
M»i A- |* 



f 



7 Tha sisa and eofTne Ratios can also be used. «in t( A » 7 ■ .2 and ^ 

• • 4 . 3 "T 5 

' ■ .6 • ' . 

$ 



COS ^ A - J - 



EMC . 



12: 



3.4 .- 6 



.tan % A - 1.33 

■ ^ A -,33.13° » « 

&l»c« 4 A and ^ B art coapleaantary ■ ^ B - (90 - 53.13°), - 
36.87° *. 

Botlee that we are now using the trignonetric ratios In af- 
ferent way than we used than bafora. Prsylously we knee? the Mature 
of an angle and wanted to find the value of a Articular fane tionf Now 
wa know tha value of a particular function and ars~interested in knowing 
tha ueasure of an acuta angle. Again wa ara dealing with tha nethenaticel 
concept of inversee. Several different kinds of notation represent this 
sana idaa. Tha inverses of the trignonetric functions are represented 
by tha chart below. ^ 



taction 


— r — i 

itrvtrto utlng arc 


inverse utlng 
negative exponent 


y - tin x 
y - cos x 
' j - tsn x 
7 ■ cot x 
7 * toe * * 
y - esc x 


x - arc tin y 
x - arc cot y 
x - arc tan y 
x • aiy cot y 
x - arc sac 7 
x - arc etc y 


x - atn~ l y 

X - COt" 7 

x - t^n" l y 
x - cot" 7 
x - aae'V 
x ■ etc" 7 



. Both of these notations for inverses ara, used frequently so you need to 
be faalliar with both of than. ° 

If we look back at Bganpie 8 we could have written 

' I s| A. 53.13 d 
as ara tan A - 53.13° or^ tan"\ - 53. 18° , 



* 



Tha trignonetric ratios can be ased hare also. 
* 

Tachnleally, the trignonetric function* do not hawe inverses. We will 
deal with this issue la future sections. 



eric; ^ 



1 



3.4 - 7 



TtM following keystroke sequencer show hov th« HP -3 3 and* Tl 57 
can bt oMd eo do this example: ^ 



HP-33 



4 "3 [Q 

(display) 1.3333* 

0 



T 



(display) 53.1301 

■9Q-' 4r^T[ 

(display) 53.1301 

E ' 

36.8699 




TI 57 

* El » 



El 

1.333333333 (display) 



OTV , 2nd 





-53.13O10235 (display) 



v. 



-53.13010235 (display) 
36.86989765 



Exercises 3.4 



(1 - 6) Conrert each of the following angle Matures to degrees-minutes- 
seconds. Do each (a) on your calculator " (b) by pencil and paper. 



(1) 45.12° 
(3) 87.215° 
(5) ^50.5 grads 



(2) 
(4) 
(6) 



39.755° 
51.0375° 
13.5 grads 



(7 - 12) Convert tsch of the following angle measures to decimal degrees. 
Do each (e) on your calculator and (b) by pencil and pafer. 

(7) 14° lo' 3o" (g) 68 <r 23 / 15' 

82° 5 / 



(9) 

(11) *0.25 grads 



(10) 70 3o' 18 # 
(12) 4|.33 grads 



ERJC 



Most teltntific calculators atora aort placaa than th«y diaplay. in 
tha casa of tha HF*33 -ftore than four digits are earriad throughout 
this antire computation. 



1„ 



1 1 



3.4 - 8 



(U) In Exaaple 8 find b ^ A and m £ B by using a aethod different 
tvou the Mthod used in the exaavle. 



^ ABC and £ BDA arc right angles 

BD - 5 and DA 12 
find ■ jf 1, b 2, m ^ 3, ■ j( 4 




(15 - 18) Find x 

(15) x *.,sin 93 grads 



(W) 



(17) 



x - esc" .37 



tan" 1 5.14 
-1 



(18) x - sec .37 
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(19 - 22) In each of the following find x and y correct to the nearest 
tenth. 



(19) 



2.; 




(20) 



(21) 



/0.2- 



(22) 





5.'^ 










r 






//. 37 ( 



(23) Throughout this section we have repeatedly mentioned the natba- 
aatlcal concept of {averse Tour calculator deals with many operations 
(functions) that are inverses. Find at least 5 operations and their in- 
verses that are specific calculator keys. Give an exaaple that shows the 
inverse relationship. 

Its: (a) -addition and subtraction x + a - a • x 

5+7-7-5 

(b) sine x and sins'^c 
sin" 1 (sin 40) 



sin" 1 (.5878) 
40 



/ 



3;5 - 1 



3.3 I Problem Solving with Right Triangles 

In surveying, angles ere matured upward or dowvrard from a 
hpriaomtal line. The measuring instrument is set up with its line 
of sight on a horizontal plane 1 . To sight an object higher than the 
horigontal the line of sight is elevated. To sight an object lover 
than the horizontal the line of sight is depressed, rhp angles formed 
by elevating or depressing the line of sight are called the angle of 
elevation and the angle of depression respectively. 




£ ^ ^O^tiC^L 

In the diagram above ^ BAD is the angle of depression and £ ADC is 
tha angle of elevation. Hotice that since Ss'l CD, ^ BAD ^ ^ ADC, 
Notice also that £ ABD is not an angle of AaCD while ^ ADC is 
an angle of Z\aCD. 



Example 1 : 

A person on a cliff 87 meters 
above a lake measures the angle of 
depression of a boat to be 17° 50 . 
To the nearest meter, how far is the 
boat from the foot of the cliff? 



DAB 



In right A ABC, cot 17° 50^ - 



4 



ABC 




87 

87* (cot 17° 50< ) 



13, 



ERIC 



3.5 - 2 



-33 lolutioa 
(dUpUy) 17.50 



17.8333 



(display) 







Un 




0 



0.3217 



1 
x 



<di.pl.y) 



(display) 



3.1084 



87 



70.4326 



\ 

[eo«T«rt degress - alnute* to 
decimal defrses] 

[.3216 - tan 17.83°] 
(3. 1090 - cot 17.83<5 



Ths bo.t is 270 Mttrt from the foot of the cliff (correct 
to the auritt Mtir), ^ 

r KmmpIq 2; 

At a time when a telephone 
pole 12 uteri high cuts a shadow 
17 Mtiri long find the angle of 
elevation of the eun, correct to the 
nearest minnte. 

, * In right A MIP, 

12 




ten x » 



17 



x • ten (— ) 



erJc 



3.5 - 3 



TI 57 solution 



li [JJ 17 
.7058823329 



mv 




2nd 




un 



35.21759297 
tHVl 2nd 



D. MS 



35.13033347 



(display) 



{display) 



(dieplay) 



the angle of elevation of the sun is 35° 13 / (correct to the nearest 
minute) . 

The trigonometric solution of right triangles has applications 
wherever right triangles are found In figures in plane geometry. 



Example 3 

0 

Plnd the length of each diagonal to the nearest tenth. 



One "side of a rhombus is 9.7 inches end one angle 32° 40 ' . 




sin 16.33° 



0.2812 

2 7279 
5.4558 



16° 20' 

X 

9,7 
x 



- 16.33 



» X 

• 2x 



cos 16.33° - 

, 0.9596 « -fj 

9.3085 - 7 
13.6171 - 2y 



The diagonals are 5.5 inches and 18.6 inches, correct to the nearest tenth. 



The keystrokes are not provided in this example. Follow the^exanple, 
using your calculator, to verify each step. 

* / 
The diagonals of a rhombus are perpendicular, bisect each other and bi- 
sect the angles through which they are drawn. 



ERIC 



1 o t 



3.5 - 4 



Eacrciec* 3,5 



(1 - 10) la each of eh* following flad x correct to the nearest tenth. 



(1) 



(3) 











/ 




1 * 



Mb, 65" l-> 




(T) 





,02b 



(2) 




(4) 




(6) 



(8) 



(10) 




41.83 









y 












A r 








■3 ^srl.ifj 



i3o 



/ 

i 

ll> A plane takes off frewrTruway jmd ascends at an tog la of l2.J° 
with the horizontal. Find to the nearest neter, the altitude of the 
plan* after It baa traveled * horizontal distance of 1000 aetata. 

12) At a point 1-1.2 oaten fro* the base of a tree, the angle of 
elevation of the top of the tree is 47° 22' . Find to the nearest meter 
the height of the tree. ~ ' 

13) A epotter In a plane at an' iltitudji of 107 maters observes that the 
angle- of depression of a foreat,fire is, 56.7°. Bow far, to the nearest 
neter, la the forest fire frot, the point on the ground directly below 
the spotter? ' 

' 4 

14) The lengths of two sides of a parallelogram are 7.2 cm and 11.3 cm. 
and the measure of angle between them measures 37° 53 / , What Is the 
length of the altitude to the longer side?* 

15) Find to the nearest decimeter the height of a chureh spire that 
casts s shadow of 19.3 meters when the angle of elevation of the sun 
meaaures 62.5°. , 

16) A lighthouse built at sea level is 60 meters high. Prom its top 
the angle of depression of a buoy in the ocean measures 18° 45 7 . Find 
the distance from the buoy to the foot of the lighthouse. 

17) If the vertex angle of an isosceles trisngle measures 63° and each 

leg 3 inches, find the length of the altitude to the base to die nearest tenth. 

18) One diagonal of s rhombus is ,28.6 and one side is 15.3* Find the 

, length of the other diagonal and the measure of escb angle of the rhombus, 
to the nearest tenth. 



* 

When solving for s measurement, retain the same number of significant decimal 
figures in the result as were expressed la the original data, unless 
the problem specificslly requests s different accuracy. In this case 
your answer should be rounded to the nearest tenth. 



3.5 - 6 



i. 

4 



19) A warn oa ths top of « cliff 350 astsrs shors m Isvel observes 
two skips do* east of too foot of the cliff. Ths eaglet of depression 
of the two ships' asssur* 18° 5o' sad 32° is'. Plod ths diseases between 
ths ships. . ' \ 

20) A ▼srticel trss is graving st ths sdgs of »• riverbed. The sogU 
of slevstion of ths top of ths trss frosi^point dirsctiy seross ths 
rivsr sj the wstsr's sdgs is 63° 50'* At another pointy 1000 meter, 
fron the first point end in tins with the first point end the bsss of 
ths trss, ths sngle of slsvstion of ths top of ths tree fie 42° 3o' . 
Tiqo^ths width of the river. (Answer: 819 asters) * 



* 



« 




/ 



* • . ' 3.6.1 

3. 6 Chapter Test 

< \ - 7 — 

(1 - 10) Decide whether each of^tEe following is true or false. 
I)- 1 . The cosecant of any actlte angle is always greater than 1. 
•2) The tangent of any acute angle is always less than 1. 



3) 



The value of the sine of any acute angle increases as the measure 
of the angle increases. " 



4) If &i s an acute angle then sin0-° = cos (90 - & )°. 

5) . If ©- is an acute angle then tan & ° = tan (90 - 



6) 

-A 



7) 



As the measure of an acute angle increases, the value of its cosine 
increases^ , 

. i 



Q 



The tangent of any acute angle is always greater than 0 and less than 1. 
90° = 100 grads * ) • < 

9) 15°3' = 15. 50° 

10) • sin (arc cos / ) = 0 , / 
(1L - 14) Evaluate each of the following expressions 

. : a) algebraically 

„ b) on your calculator. Express your answer to four decimal digits. 

11) sin 45°+ cos 30° 12) cos 2 45^+ sin 2 45° 
13) tan 30% cot 30° p U ) sec 30% esc 60° 



(15 - 16) Convert each of tlfe following to decimal degrees. * 

15 > •> 37 O 15'20" * 16) 87 . 25 gradg ' , ' 

/ 

17) Find x and y correct to the nearest tenth. - 



3.6.2 



(18- 19) Answer one of the following questions . 

18 a) What is the perimeter of a regular polygon of 100 sides inscribed 
in a circle of radius 1. [Each interior angle of a regular polygon 

u • j ,(n-2)180 . 0 
having n sides is ( — ) . 

b) WTiy is your answer near 2 ft" 9 

194 A plane flying at an altitude of 700 ft. passes directly overhead. 
Three seconds later its angle of elevation is 23°. * 

a) Determine its speed in feet per second to the nearest % * 
fo6t per second, * 4 

b) Determine its speed in miles per hour. 



ERLC 



(6 0 mph 



60 miles _ 60 miles 60 mi. 



1 hour 60 min. 3 600 secV^'^ 



11801601 , = 88J^ = 88ft/secJ 
3600 sec 1 sec 



t 

~7 



13., 



4. 1-1 



CHAPTER 4. TRIGOWOMETRT BETOHD THE RIGHT TRIANGLE 

iWthis chapter you will becoae faal liar with Important aspects 
of trigonometry that do mot specifically iawolve triangles. 



4.1 Extending tha Doaajn of tha Trigonometric Functions 

a* 

^ So far we here restricted our discussion of trigonometric func- 
tions to only scat* angles. We no* wish to carefully examine the values 
of trigonometric functions for other types of angles. Collets the fol- 
lowing table. Set your calculator to 4 decimal places* 



* 

X 


sin x 


coa x 


tan x 


0 








15 


i. 1 






*Q 








45 








60 * 









75.. t 










> 

a 






105 "» 


0.9659 


I 




120. 




-0.5000 




yn5 


4 




-1.0000 


150 

1 • — : 




< 


1 


165 ✓ 




-0.9659 




180 




■i- 


) 


195 . 






) 


» 


210 


-0.5000 


— - — v- 




225 

1 . 1 
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In thla table angles are Matured in degrees. 



\ 











X 


sin x 


COS X 


tan z 


240 


-0.8660 




• 


253 








270 






1 


285 






> 


100 • 


m* 


0/5000 












. 1 / ' • 








-0.577* 


345 








360 




1.0600 





We know that angles hating measures of greater than 90 exist. ' 
A reasonable question to ask is, "What do these numbers in the table 
mean and where do they cose from?" 

i 

In order to answer these questions it will be necessary to re- 
define thef trigonometric functions. This does not aean that the de- 
flnitlons in Chapter 3 are wrong. *They are adequate if we restrict our 
domain to acute angles and right triangles. We wish now to expand our 
considerations, therefore «we need a more appropriate method of dealing 
with angles and the trigonometric functions associated with them. 

An angle is formed by two rayt that have a common endpoint. A 
more dynamic concept of angle Involves a movable ray and a fixed ray 
that have a common vertex. The fixed ray is called the initial »ide 
of the angle and the movable ray is called the terminal side * of the 



angle. 




Different calculators give different answers, for example - 



9.9999999- X 10 



99 



-9.9999999 X 10 

Mi 



99 



•rror . 



/A 



When this angle is positioned in the Cartesian plane so' that the 
vertex is at the origin, the initial side along the positive 
direction of the x-axis' and *the terminal side somewhere in the 
plane the angle is considered to be* in standard position. 



, IT 4 



HE 



^ AOB or ^ 0- 

is an obtuse angle 

in standard position 



Acute angles (measures between 0° and 90°) have ttfear terminal 

o A 



sides in quadrant I. Obtuse angles (measures between 90° and 180°) 
have their terminal sides in quadrant II. Angles' whose* #*sures are 

between 180° and 270° (called reflex angles) have their terminal 

r ' 

sides in quadrant III. Angles Whose measures are between 270° and 

o * » 

360 (also called reflex angles) have their terminal side£ in* 

> 

quadrant IV. < ^ < 



Don't panic, pronounced "theta" is a Greek letter that is 
traditionally used as a variable in higher-level mathematics, 



7 



4. 1 - 4 



We wish to look carefully at an acute angle in standard posi- 



tion. 




ill • JZ 

Let A be a point on the terminal side of i and let (x, , y ) 7 be 

* i 

the coordinates of A. Let AC OB , so AC * y and OC = x and 

j 

& AOC is a right triangle. For convenience we shall assume that 
AO = 1.* Our, original definitions c^f the trigonometric functions yield 
the following equations: 



sin 



cos 



tan A 



cot A 



sec 



ordinate of 
radius 


A 


, AC = 


n 

1 r 


abscissa of 


A 


s OC * . . 


!i 


radius 




AO 


-i 


ordinate of 
abscissa of- 


A 
A 


AC 
= , OC 


^i 
x i 


abscissa of 


A 


= oc x 


^i 


ordinate of 


A 


AC 


^i 


radius 




AO 

3 i - a 


__i 


abscissa of 


A 


. OC 


x i 



t-. - yi 
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Thus A is a paint on a circle whose center is the origin and whose 
radius is 1. This circle is usually referred to as the unit circle * 
We will say ntore about this special circle in the next section. 



4. 1-5 



CSC 



radius 

ordinate of A 



AO 

AC 



/ 



Notice that OC^AC and OA aije all positive lengths so all the values 
of the trigonometric functions for acute angles are positive. 



Now let us look at an obtuse angle, using this same idea. 



9 

ERIC 




' HI 



let (x 2 , y 2 ) be the coordinates for A and let AO « 1 . 



sin 0" = 

2 



tan A 



sec 



9-. 



esc & 



ordinate of A 


AC 




radius 


AO 


i 


abscissa of A 


CO 


^2 


radius 


AO 


1 


ordinate of A 
abscissa of A 


. AC 
CO 




abscissa of A 


CO 


= X 2 


ordinate of A 


AC 


Y 2 


radius 


AO 


1 > 


abscissa of A 


CO 


X 2 


radius 
ordinate of A 


. AO 
AC 





hi 



4* 1-6 



Notice that ouj^iew definitions are compatible with our original de- 

of the trigonometric functions and they also allow us to 
extend our domain. Since represents a negative number ( cos ^ < 0, 

2 

considered positive. 




tan 9" 2 < °» cot ^2 * 0 and se< * ^2 * °* I^e'Tadius , OA, i$"'always 



We can now redefine the trigonometr ic functions v Let A, . be a 
point on the terminal si4e of ^ . Let d be the distance from A 
to the origin. * ^ 




sin & 

cos 

tan £ 

cot • & 
sec 0" 



CSC 



e 



ordinate of A 

— f< ; 

distance to origin 



1 

d 



abscissa of A x 

distance to origin d 



ordinate of A 



>rtiin 



/ 



abaxissa of A 



abscissa of A 
ordinate of A 



1 

x 



x 



distance to origin 
abscissa of A 



distance to origin 
oi/dinate of A 



d 



d 

y 



Exercises 4.1 * 

t 

(1 - 8) Use the following diagram to characterize reflex angles whose 
measures are between 180° and 270°. Remembe^ that OA * +1. 
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4. 1 - 7 




-> 



(1) sin 0- 3 
(3) tan 



(5) sec 







(2) 


COS 








(4) 


cot 


*3 


3 




(6) 


CSC 


^3 ■ 



(7) Why is tan m & > 0 and cot 0" > 0? 

(8) Which trigonometric functions of 0^ are negative? Which are 
positive? Why? 



V (9 - ]^6) Use the following diagram to characterize reflex angles 

whose measures are between 270° and 360° • Remember that OA * +1. 
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(9) sin & 



(10) cos &■ 



(11) tan Q - 



(13) -sec v 



(12) cot & 



(14) esc 



4 s "' 4 

(15) Why is sin & < 0 and cos 0" > 0? 

q. 4 * 

(16) Which trigonometric functions of are negative? Which are 

4 

positive? Why? 



(17 - 30) Explain each of the following: 



Example : 



tan 90°is undefined 



A 4 t*>Y) 

-> - -. — 



x. * o, y * l 

*° ordinate of A 



tan 90 



abscissa of A 



(17) sin 0° = 0.0000 

(19) sin 90° = 1.0000 

(21) sin 180° - 0.0000 

(23) sin 270° = -1.0000 

(25) sin 360° = 0.000 0 

(27) tan 0° = 0.000 

(29) tan 270° is undefined 



& A undefined 

0 . . 

(18) cos 0° = 1.000 0 

(20) cos 90° = 0.0000 

(22) cos 1*0° = -1.000 0 

(24) cos 270° = ' 0.0000 

(26) cos 360° - 1.0000 

(28) tan 180° = 0.0000 



(30) tan 360 



0.0000 



ERIC 



U7 



/ 



4. 1 - .9 



(31 



40) Verify that the following entr.ies in your table on 



pag^, (4. 1 - 1, 4. 1-2) are correct. 



Example : sin 300 

A 



-0.8660 




m ^ AOB =■ 300° 

AOB is a 30-60-90A 
A OA = 1 so 0B = ,5 

AB * .5 tf~3 so A has coordinates (.5, -.5 VT ) 

-.5 l/T =* -.5(1.7321; 



sin 300° = o^inate of A 
radius 

■ -0.8660 



(31) sin 45 = 0.7071 

.(33) tan 240 = 1.7321 

(35) sec 300 = 2.0000 

(37) cos 225 = -0.7071 

(39) tan 150 = -0.5774 



-.5 \JT 
1 = 



(32) cos 135 

(34) cot 330 

(36) sin 60 = 

(38) esc 210 

(40) tan 135 



« -0.7071 
» -1.732 1 

.8660 

= -2.0000 
■ -1.0000 



o 
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U.2 The Unit Circle 



A careful look at the unit circle can help analyze some of 
the properties of the trigonometric function. Recall %hat the unit 
circle is defined to be the circle whose center is the origin and 
-whose radius » 1 (unit) . 



<-4 


*4t 












Any pointy A, on the unit circle lias coordinates 
(cos &- , sin ) where Qr is the measure of the 
angle whose terminal side passes through A. 



We previously verified the identity 

tan P- « sin Br m ordinate 
cos abscissa 

Thus, knowing the coordinates of a point, A, on the unit circle is 
sufficient to describe any trigonometric function of any angle whose 
terminal side passes through A. Let us consider the intersections of 
the unit circle with the axes. ^ 



/ 




4. 2 - 2 •« 



Example 

(1^0) is on the terminal side of an angle whose measure is 
0° or 360°. 



Thus sin 


0° 


2= 


sin 


360° 


- 0 


cos 


o 

0 


X 


cos 


360° 


- 1 


tan 


0° 




tar* 


360° 


_ sin 360 
cos 360 


cot 


0° 


a 


cot 


360 b 


undefined 


sec 


0° 


c 


sec 


360° 


= 1 


CSC 


0° 




CSC 


360° 


undefined 



0 

T 



• v 
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Jy means of a unit 'circle we' can represent the values of 
the trigonometric functions as line segments associated with 



the circle. 




V 



sin A « (cos & , sin©- ) then AB = sin& 



" y OB = ,cos0> 

\ To represent tan 9" as *£"line segment we need to. convert 

Ai 



into-J* ratio whose denominator is 1. Right triangle ABO 
OB ™ 

is similar to right triangle CDO so — « ^ . DO - 1 thus a 

BO DO ' 

tan &~ « CD. This may -Be on^r^ason why this functic^u is named^ 
"tangent". 




9 
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4. 2 - 



To represent the other functions we will use the same technique . 



) 



/ 




/ 



ot & = t| • Construct A EFO so that EF * 1 a 



AB 



and 



r 



A EFO ^ A" 

ir 



ABO so J! 2| = OF and cot - OF, 



sec 



^ JOB 



AB EF 

Construct CDO so tlAt 0D~ = 1 and 



A CDO '^L\ ABO so g| g£ . OC and sec & = OC 

csc 0- = , Since EF ■ 1 and A EFO ^ * A ABO 

AB 

OA OE — , 

- — - OE and csc # = OE. • 



EF 



The trigonometric functions can be rep*sented as line segments 
in the other quadrants by a similar technique* Sopae adjustments are 



:y so that segments car^ repr<^s«fct negative values. You may wish 



necessary 

to consider this case in exercises 28 - 30, 
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4. 2 - 5 



Exercises 

(1) Let A » (cos Qr 9 sin & ) be a point on the unit circle. If 

is an acute £ then A* is in the first quadrant and cos 0" and 
sin are both positive so the othef ^trigonometric functions 
are also positive. Using this same reasoning, complete the 
following table. 





A 


sin^ 


cos 


tan # 


cot 


sec^ 


csc£f 


acute 


1st quadrant 


# pos 


pos . 


pos . 


pos'. 


pos • 


po*s . 


^ obtuse 


2nd quadrant 




rieg. 


— • — — 








rdflex<270 


* 

3rd quadrant 










neg. 




^270 < reflex <360 


4th quadrant 


neg. ^ 














(2) Suggest a reason why the secant function is named "secant". 

y 

(3 - 5) Using the Pythagorean relation and the unit circle on p. 6. 2 * 3 
and 4. 2« - 4 complete the following equations: 

(3) sin 2 + cos 2 = 

1 + tan 2 Qr = 



(4) 
(5) 



(Hint: A ABO) 
(Hint: AcDO) 



cot Qr + l 



(6 - 11) Determine whether each of the following real numbers are 
positive, negative or zero and state a reason for your answer. 
(6) sin 323° . (7) cos 78° 



(8) 
(10) 



cot 2\Y 
fftec 88° 



(9) 
(11) 



esc 293 



tan 157 c 



IS., 
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(12 - 19) For each of. the ' following real numbers; 

, (*) Use your calculator to find the value and 

(fe) Suggest a reason why your answer to (a) is reasonable 

(12) cot 725° _ * (13) ' tan 102 o 0 

(14) cos 512° (15) sin 1432 o 

(16) 'sin (-115°) ' , (17) X cos (.90°) 

(18) tan (-200°) / (19) csc ( . 290 Oj 

* - 

(20-27) The circumference of a circle = 2 H*r where r is the radius 
of the circle. The .unit circle has circumference « 2 1T(1) . 2 

4. 

Determine the lengths of the a'rcs intercepted on the unit circle by 
i • « ' 

each- of the following angles. -Express your answers (a) in terms of V , 

(b) to the nearest tenth. ' 

-• 

^^gxample ; * 

v 

60° = 1 (360) 



g (2 II) - JL . 1.0472 units 



I to fa - £ 
3 

A 60 angle intercepts an arc of It 0 r 1.0472 units on the ' 

3 

unit circle . 

(20) 90°' . (n) 135 o 

(22) 180° (23) 225 6 

(24) ' .330° (25) 12Q o 

(26) 210° f ' (8?) 345 o 



\ 
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(28 - 30) Let &"be an obtuse angle. 



4, 2 - 7 




/ 



(28) 
(29) 
(30) 

(31 - 

& is 

(31) 
(32) 
(33) 
(34) 
(35) 



sin = AB where AB has positive orientation so AB > 0 
cos Q~ = OB where OB has negative orientation so OB < 0 

fit^- §| = = 00 buC Can ^ * 0 When 90< < 180 • 

To remedy this situation construct MNO 5 /I DCO. CD = MN 
so tan = MN which has negative orientation so MN ^ 0. I 

Represent cot as a line segment when 90< < 180. 

Represent sec as a line segment when 90< < 180. 

Represent esc as a line segment when 90< < 180. 



35) Determine the measure of to the nearest tenth. As 

in standard position and 

has (-3, -4) on i-ts terminal side. 

& has (-1, lf3) on its terminal side . 

has (7, -10) on its terminal side . 

ffi has (2, -3) on its terminal side. 

fcf has (I, 5) on its terminal side.. 



sume 



15:, 



4. 3 



4.3 More About Angle Measure . 

So far we have been considering angles that have been generated 
when their terminal sides have been rotated away from their initial 
sides in a counterclockwise direction. * 

>> 




These angles have a positive sense. An angle can be formed by rotating 
its terminal side clockwise away $rom its initial side. 




Thes^ angles have a negative sense. 

A negative angle is not an angle that is less than zero, any more 
than -2 peters is a distance less than zero. If distance north is con- 
sidered posdtiv* theri- distance south is considered negative. The sign 
of an angle is similarly a matter of direction. 

Every negative angle corresponds to a positive angle 




Thus'siYi^ = sin^ " cot £ = cot 4> 

cot 0 - cos 4) sec <= sec (J> 

tan£ = tan (£) esc ^ = csc<& 

Notice that, in generals-sin f sin (- ) 



(p or phi, prdnounced "fl» i s another Greek letter often used in 
higher mathematics to represent a variable. 



4. 3 - 2 



t Since Che movable ray of an angle can make more than one revo- 
lution, the angle that; is formed does not need to be lesff than 360°. 
Therefore an angle whose measure is 563° is one revolution - (360) plu«> 
203°. <C.3 S 

The values of ehe trigonometric 
function for 563 are the same 
as for 203° because the initial 
and terminal sides of both of 
these angles coincide. 

We have been measuring angles by decimal degrees, degrees-minutes- 
seconds ^nd grads. Another unit , ~the, radian, is often 'used in higher, 
mathematics, science and engineering. 




One radian is the measure of a positive angl< 
which intercepts an arc of length a units 
on a Circle of radius units. 



is an angle of 




1 radian, 



The circumference of a circle is 2 /l r. 
Thus 2 w radians = 1 complete rotation = 360 c 





1 radian = 


360 °_ 


0 

180 




W - 


IF 


or 


it radians 






= 180° 





1 5 , 
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Later we shall see that radian measure is a convenient way 
to represent angle measure because it is a" linear' unit of measure. 

Most scientific calculators have a radian mode that is not the 

,f wake-up" mode of the calculator. 

Example : /%, 

Find cos y- radians 



HP-33 



ON j 



g 


rad! 


0.000 


. g i 

1 




3. 1416 


4 


X 


12.5664 


3 





(display) 



4.1 888 (display) 



cos • 



-0.5000 (display) 



TT-57 



(Calculators "wake-up") # .QN 



Ind ! 



RAD 



(display) 



2nd 



t 



3.1415927 (display) 



12.56637 I (display) 



i/902 (display) 



2nd 



cos 



■U. D 



(display; 



cos 



4fr 



radiam = -0.5 



4 " «... 4fr 
—5— radians = 



cos 240 = -0.5 



/ 180\ 



240' 
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Exercises 4.3 

(1) Find the number of decimal degrees in one radian. 

(2) Find the number of radians in one decimal degree. 

(3) * Derive a formula to change degrees to radians. 

(4) Derive a formula to change radians to degrees. 

(5 - TO) Change each of the following radian measures to decimal 

degrees . 

3 ft" 

(5) -fii > (6) 1.23 

(7) 151T (8) - ^ 

(9) It , (10) -150 

(11-20) Change each of the following degree angle me^suj^es to radians 

(11) 240° 0 (12) 127.5° 

(13) 45° (14) 243.75° 

(15) 60° (16) -15.653° 

(18^ 

(19)* 330° (20) 397° 15 / 



(17) 30° . (18), 543° 



i 

(21-30) For each of the following 

(a) evaluate to the nearest hundredth 

(b) give a_t least one reason why your answer is r easona 

(21) sin -(-45)° (22) — - 3 '"* 



cos 



(23) tan 548° (24) sin 58.3 



(25) 



esc (-2.3ft) (26) sec i- / 

4 ' 



(27) sin 6^ (28) tan (-93°35< ). 



* r 

W*. will adopt the common convention that if no unit of measure 1; 

stated, then the unit is the radian. 



4. 3 



(29)*" cot 



if. 



(30) cos 



bs 2 If 



(31«-36) Find ,a_£ least 3 values of & so that: 
(31) -sin & = sin (-</) 
(33) -tan =■ tan (- fr) 
(35) , 2 sin &" = sin 2 



(32) 
(34) 
(36) 



V 



-cos & = cos (- & ) 
-cot 0" = cot (- #*) 
3 cos d~ = cos 3 6* 



\ 



\ 



4'. 4 - 1 



4,4 Trigonometric Equations and Principle Values 

You are already familiar with several types of equations. We 
have specifically discussed exponential and logarithmic equations in 
sections 2.6 and 2.11. You may now use the knowledge you have gained " 
of the trigonometric functions to solve kinds 1 of equations different 
from those you have studied before. To solve a trigonometric equation 
you must find a reflection of values, within a specific domain, which 
^satisfies the given relationship. The equation sin x = ,5 has as 
roots 30°, 150°, 390°, 510°, ... . Generally the -domain of 'the vari- 
able is stated in each problem. The values within the specified domain 

that satisfy the given equation are "the elements of the solution set . 

♦ 

of the trigonometric equation. 



Example 1 : Solve the following equation for all positive 

values of x, 0 < x < 360. Express your answer to the 



nearest degree, 



cos x = -0.8192 

x* = cos" X C-0.8L92) 



HP- 33 solution 
0.8192 
-0.8192 1 



CHS 



g 



cos 



145 



(display) 



(display} 



Thus -x ■ 145 is one root of this equation. In general, the principal 
value of an inverse trigonometric function is; 



( 4. 4 - 2 

• the smallest positive (or zero) angle that satisfied the 
equation (If the angle is positive o* zero) 

• the smallest negative (or zero) angle that satisfies the 

. • V 

equation (if^ the angle is negative, or zero) 



function 


★ 

range of principal value 


sin" x, 0 < x : < 1 


0 to 90°, ^ radians 


sin x, -1 < x < 0 


0 to -90°, - radians? 

2 


cos" x, 0 x < 1 


■ /\ 

0 to 90°, ' y- radians 


cos x, -1 < x < 0 


o o I?" A * 
90° to 180°, — to 1/ radians 

2 


r 

tan x, x > 0. 


/TV 

0 to ^90 , y- radians 


tan" x, x £ 0 


o 

0 to*;90 , — — radians 


cot" x, x > 0 * 


o ^ 
0 to 90 , radians 


cot x, x < 0 


0 to -90°, radians 
2 


sec x, x > 1 


0 to 90°, — . radians 
2 — 


- T- ~ ■ ■ ■ — — 

sec x, x < - J. 


/ j 

90 to 180°, A to ^radians 

2 


CSC X, x > 1 


o 

-0 to 90 , y radians 


CSC X. x < 1 


o - // 
0 to -90 , radians 

2 . 
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except for values in which division by ^ero is involved, fh which 
the value is undefined (e,g. r 0° = esc x) . 

A closer look at principal values will be presented in section 5. 5 



case 



The inverse trigonometric keys (used in conjunction with the 



T 

X 



key, 



when neces sary) on scientific calculators give these principle values. 

Now, we need . to determine the other values that are solutions to 
the equation, cos x = -0.8192, Let us consider acute angles whose 
terminal sides are in* each of the four quadrants and each angle is & 




sin far 
cos & 
tan ft 
cot & 
sec & 
cos 



1 

1 



= V 



= T = X \ 



V 
X 

X 

y 
l 

X 

1 

y 




sin (180°- & ) = 1 « y 



cos (180 - & ) = ^ = -x 



tan (180° -V s * 



v 

- X 



cot (180° - & ) = — 



sec (180° - — 



esc (180° - £ ) = 1 

y 



is called the reference angle , 



•4. 4 - 4 





sin (180° + & ) = 11 = - y 

1 # 



cos (180° + & ) = .1* 

1 



tan (180 + ^ ) = 



esc (180 + = 



2 

X 



cot (180 + 6 ) => ^ = 



K 

y 



'sec (180° + & ) = — 

-x 



-y 



sin (360° - & ) » 
cos (360° - © ) = 
tan (360° - & ) = 
cot (360° - 6- ) = 
sec (360° - a ) = 
esc (360° - a- ) = 



1 

x 
1 

X 

X 

y 
l 

X 



= -y 



1 

-y 



Look carefully at each of these lists of ratios. Notice that: 



sin 


(180° - 


• & ) - 


sin & 


sin 


(180° 


+ 


e ) 


= -sin & 


s,in (360° ■ 


■ & ) 


= - sin 


cos 


(180° - 


&> ■ 


- cos ©■ 


cos 


(180° 


+ 




= -cos 0- 


cos (360° - 


6 ) 


= cos £ 


tan 


(180° - 


& ) - 


-tan © 


tan 


(180° 


+ 


e ) 


= tane- 


tan (360° - 


• & >, 


4 

= - tan 


cot 


(180° - 


& ) - 


-cot £ 


cot 


(180° 


+ 


& ) 


cot& 


cot (360° - 


& ) 


= -cot 


sec 


•(180° - 


& )'- 


sec &~ 


sec 


(180° 


+ 


a ) 


- -sec & 


sec (360° - 


e > 


= sec £ 


CSC 


(180° - 


& ) = 


CSC& * 


esc 


(180° 


+ 


a ) 


= -esc ^ 


esc (360° - 


'&) 


= - CSC 



this can be summarized as follows 
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V 



i8o° - e- 

fHf \ 180° + & 



- • f( Or ) 0°< £r <- ? o 0 - 



f is ^frife same trigonometric function on each side of 
the equation and -the sign of the function is determined by 
its sign in that quadrant. 



Now let us look back at our original example. The cosine function 
is negative in the second and third quadrants so another solution 'exists 



in quadrant III. 



cos 145° = cos (180 - 35)° - -cos 35° = cos. (180 +.'35)° 
..= cos 215° *" 
The solution set 'is {l45°, 215°]. - 

• v "i • 

Example 2 : - * Solve the following equation 'for values v of 
* between 0° and 36(^°. Express -your answer to the near- 

est hundjr^iU^? in decimal degrees. • 
l * - - 3 sin 2 = 8 sin \ * 

** 2 = 5 sin ^ 

• . 4 * sin 4>**^ 

i 

sin* 1 (.4)= 4> 

23.58° * m <$ (principal value) 



i. 



Another salution exists in quadrant II where the sine function is also 
pcfsiiive. ' \ 
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/ 



so 
the 



» sin & = sin (180°- ©■ ) 

sin 23.58° = sin (180*- 23.58°)' = sin 156. 42 c 
solution set is (23,58°, 156.42°? . 



Example 3 : Find positive values of Qr between 0 and 2 1?* 

so that 2 tan &■ " + JT = 0. Express your answers 

to the nearest tenth of a radian and check. 

k i— / ^ 

2 tan & + V3 = 0 ( 

, . - 2^t^ B "9- = - JT ' 

w v - v " tan *Qr - 



(principal value) 



0" = tan 

= -40:89° 

' 4 - or 0- = 319. 1 1° 

Another solution exists in .quadrant II where the tangent function 
also negative. 

£an (360 - & )° = : tan & 
. o 




'(' 



tan 319.11 

- tan 

■ -tan 40.89° 
5 ( 

319.11° - 019.11 ( -U- ) 
— . , 180 

o 

139.11 = 139.11 ( r f r ~ ) 



180 



= s -tan 40.89 
= tan (180° - fir ) 
= tan 1*9.11° 
= 5.6 (radians) 
2.4 (radians) 



the solut^j^ set is -[5.6, 2.4} 



J 



i6o 



Check: (Remember to set your calculator to radian mode) 



2 tan 5.6 + {fj 



- 1. 6279 + 1. 7321 



0.1042 



2 tan 2.4 + if3 

O / A Q 1 L A \ 4- |/T 

-1.8320 + L 7321 
-0.1000 



Notice the rounding error. 

Example 4 : 1 Solve for all values x if 0 < x < 360. Express 

your answer to the nearest hundredth. Check your answers, 



2 = lf8 sin x - 1 
4=8 sin x - 1 

5 = 8 sin x 

5 = 
8 



sin x 



arc <?i'n ( ~~ ^ = v 

38.68° = x (principal value) 

Another solution exists in the second quadrant where the 
sine function- is also positive. 



sin x - si% (180 



sin 38.68° = sin (180 - 38^8)° = sin 141. 32* 



The solution set is {38.68°, 141.32°J. 



Cheek 
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|/8 sin 38.68 
iTS (.62) - 1 



\)8 sin 141.32 - 1 
\J8 (.62) - 1 



4 - 



Exercises 4.4 

f 

(1 - 10) In each of the following, find the values for. 0 # < < 360* 

to the nearest hundredth decimal degree. Check your answers. 

(1) 3 cot & = 3 (fT (2) cos = 0 

(3) 2 cos 1^ + 7 = 0 (4) l/T ( sin ^ + 1) = 4 

(5) 8.6 sin^ = 1 - sin# (6) 5 cos^fr + 6 = 7 

(7) -| - (2 cot & - .9) - 3 cot£ := 1 (8) tan ^ 2 = tan ^ 

(9). 3 (tan - 5.6) = tan & (10) 1 V° 5 ^ = cos £ 



7.1 
/ 



(11 - 14) Solve for all values of d> if 0 < d> < 2 \h. Express 

your answer correct to the nearest hundredth of a radian.- Check your answers 

(11) 2 tan $ ^".57 = 1.23 (12) ' sin <j> + 1 • 8 3 JT . 

(13) sin up^= cos ( ^ - (J) ) (14) cos (j) - 1.8 = 

(15 - 22) Solve for all values of x if 0° £ x < 360°, Express your 
answer to the nearest hundredth. Check your answers.* 

(15) ijtan x + 3 -1 = 0 * (16) 2 - 2 cos x -3 = 0 

(17) U 1 + cos x = 3\Jcos x * (18) \jl - sin x = ~=r 

3 i * 2 

<^19) \J tan x + 5 = 1 (20) sin x = .-837 

(21) l \ ts ^ n2 x = ^ < 22 ) 2 - 47 = 3 cos2 



< 



★ 



\ 



Look carefully at your solution set to be sure thst you have all pos- 
sible positive angles. 



4. 4 



It is possible to relate angles to 90° and 270° rather than 180 

and 360, Consider the following diagrams and derive the formulas 

t 

(identities) by completing the following, equations • 






\ 

\ 









sin £ = 

cos 9- = 

tan & = - 

cot 6- = 

sec & ■ = 

CSC £ = 



sin (90 - ©■ )°. 

cos (90 - 0 )° 

tan (90 - 6 )° 

cot (90 - 9)° 

sec (90 - 9 )° 

o 

0) 



sin (90 * 6 )° 
cos (90 - £)° 
tan, (9Q * &)° 
cot (90 + B)° 
sec (90 f £ )° 

Q 

ran ( QC \ -4- AT 




. sin (270 - gF ) 
cos /270 - £) )° 




t 

i 



• 






A 








n 


(=270^1 








\ 

\ 





1' 



sin (270 f B) = 
cos (270 + £)' 
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tan (270 - £ ) = . "tan (270 + & )° = 

cot (270 - 0" )° = - cot (270 + . & )° = 

sec (270 - &)° = sec (270 + '&)°* 

esc (270 - £ )° = . esc (270 + &)° = 

(23 - 26) Develop a formula relating the trigonometric functions 

of the following where 0°< < 90° 

(23) & and 90° - . (2 4) £ and 90° - £ 

(25) 0 and 270° - £f (26) & and 270° + 



I, 



. 7 

» 
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CHAPTER 4 Test 

1) Express cos (-250°) as a function of a positive "kcute angle. 

2) In a circle of radius 3. a^c^tral angle of 2/3 radian is drawn. / 
Find the length of the arc intercepted by that central angle. 

3) Express cos (270° - x) in tertns of sin x. 

4) Find in degrees the value of the positive acute angle 9- which satis- 

2 

fies the equation 2 cos - 1 = 0. 

5) Find the principal value of arc sin (-1) Express answer in terms' 
of H 

6) Express -g — radians in degrees. 

7\ > If tan A = -1 and if A is an angle greater than 0° and less" than 180°, 
find the number'of degrees in A. 



o i 



)0) 



Find the, value of cos ©■ if sin©- = "T~ and tan & is negative 



9) Express in radians an angle of 144°. [Leave answer in terms of ^ ] 



Tf rog & = an ^ & is ^ n the 4th quadrant? what is the numerical 

value of sin & 9 



11) The cos + iS equal to 

f 1 ) i (cos x - sin x) * (3 ) (cos ^ - sin x) 

(2) j_ (cos x ± sin x) f4) ^1— Ccos x + sin x) 

2 2 

1 € 

12) If cos ©" = T i then the positive value of sin is 
,8 2 

3 iTT 9 3 

(1) 2 ' 2 ) T m m i 



Q I 7 

ERIC 



T 4 - 2 



» - 
13) If A and B are positive acute angles and if sin A = 4- a "d 



14) 



15) 



16) 



sin B = y 



then sin (A + B) is equal to 



7 



(3) - 



(4) 



24 



(D^ 1 (2) 0 

A value of x for which tan fx 20°) is undefined is 

(1) -20° (2) 70° (3) 160° (4) 340° 

If placed in standard position, an angle of — A radians has the same 

terminal side as an angle of 

H) -150° (2) .30° f 3 T 150° (4) 24Q° 

In the diagram, trigonometric functions of & and of - & are rep- 
resented by line segments. Angle AOP = c> and angle AOP' = - & 

2 2 

The equation of the circle is x - y =1, and the equation of the BC 
is x = 1. Line PDP' is perpendicular to the x-axis at D. From the 
diagram, select a line segment which represents each of the followj^ig: 



fa) 
fd) 



i in & 



lb) cos 



cos ( e ) tan (- & 



'c) tan & 



ERLC 





0 




/ \ 


Or 


, e> 


■ — I i D J 




[A 






X 




v>\ J 














c 
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CHAPTER 5, 



GRAPHS OF THE TRIGONOMETRIC FUNCTIONS 
AND THEIR INVERSES. 



In this chapter we shall carefulLy analyze the graphs of the 
six trigonometric functions and their inverses. We will study the 
variations of these f uncti/ns Wder a variety of conditions. 




5.1 Graphs of the sine Yrr^cosine functions 

In the exercises for this section you will be asked to construct 

graphs for the cosine functions. this is easily accomplished, by making 

a table of values (by ubirig your ^alculator) and plotting the resulting 
poin t s , 



When graphing the trigonometric function^ ve must be ^areful about 
the scale that we use on each axis. The graph of any function is a set 
of points in the coordinate plane located by ordered pairs of real num- 
bers. In the trigonometric functions, although the second element is a 

real number the first element is ijqijaHv rhnnoHr of 3C #-u« • 

If the angles are expressed in radians tnen we car the 



same scale for labeling both axes and we will get the characteristic 
shapes of the functions. ' 
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Example 1: Sketch the graph of y = sin x, for values of x between 
0 and 360 (2 IP" ) at in£**vals of 10° ( ) 



x(degrees) 


0 


10 


20 


30 , 


40 


50 


x(radians 














0 


~T 0.17 


* 0.35 


4 0. 52 


<? 0. 70 


it "0.87 


sin x 


0 


0.17 

^ 


0. 34 


0. 50 


0.64 


0.77 



5. 1 - 2 



x (degrees) 
x (radians) 


V 

60 

T 1.05 


70 

.11 
It 1.22 


80 

f 1.40 


90 

9 

X 1.57 


100 1 

T" 1-75 


110 

HIT \ 
. /» 1>92 * 


sin x 


0.87 


0.94 


0.98 


1.00 


0.98 


! 

0.94/ , 



120 

T 2.09 


130 
/« 2.27 


140 

9 .2.44 


150 

U 2.62 


160 
<f 2.79 


170 
IT 2.97 


180 

9" 3.14 


0.8? 


0.77 


0.64 


0.50 


0.34 


0.17 


0 



190 

jli! 

\t 3.32 


• 200 


210 
if 

U -3-. 67 


220 
li K 

7 3.84 


. 230 

~TF" 4.oi 


240 
"3" 4.19 


-0.17 


-0.34 • 


-0. 50 


-0.64 


-0.77 


-0.87 



2 50 

7T4.36 



260- 
<? 4.54 



270 
~5T 4.71 



280 
<t 4.89 



290 
18 5.06 



300 

T7 5 - 2 ^ 



•0.94 



/ 



■0.98 



•1.00 



■0.98 



-0.94 



•0.87 



V 



310 

i* 5.41 


320 
K.H- 

1 5.59 


330 
t 5.76 


340 
9 5.93 


350 
~Tf 6.11 


3*j0 


-0.77 


-0.64 


-0.50 


-0.34 


-0.17 


> U 



f 

er|c 
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5. 1 - 3 




One way to determine the values in the table is to write a program. 
Two 4 * programs that can be used are: a) programs to express radians as 
l.6c ima i_ units 



HP-33 
PRGM 



TI-57 



LRN 



01 
02 
03 
04 
05 
06 
07 
08 
09 
10 
1 1 
12 
13 
14 



f FIX 2 

1 
8 

R/S 

ENTER 
1 

8 

f 

+ 

R/S 

GTO 07 
RUN 
GTO 00 
R/S 



00 
01 
02 
03 
04 
05 
06 
07 
08 
09 
10 
1 1 
12 
13 



2nd FIX 
2ndU V ' 



1 



STO 
R/S „ 

2nd Lbl 

RCL 1 

R/S 
GTO i 
LRN 
RST 

R/S 




Notice that these program Use different techniques to convert 
radians to decimals. 



LL 



b) programs to determine values of sin x 

HP- 33* 

► / PRGM 



TI-57' 
LRN 



01 


v f FIX 2 


00 


2nd FIX 2 


02 


ENTER 


0 1 


STO 1 


03 


STO 1 


02 


2nd sin 


04 


f sin 


03 


R/S ' 


05 


R/S 


' 04 


2nd Lbl 1 


06 


RCL 1 


' 05 


RCL 1 


07 


1 


06 


T 


08 


0 


07 


1 


09 


+ 


08 


0 


10 


STO 1 


09 




1 1 


f sin 




STO 1 


12 


R'S 


1 1 


2nd sin 


13 


GTO 06 


12 


R/S 




RUN 


13 


GTO 1 




GTO 00 




LRN 




R/S 




RST 



R/S 



Example 2 ; Sketch the graph of y * sin x for values of x 



between -360 (-2 fl ) and 360 (2 U ) at intervals of 30 ( 



x (radians) 


-360 

-2^ -6.28 


-320 
6 -5.76 


-300 

S~ -5.24 


-270 

— o ' 


■J 

-4.71 


-240 


sin x 


0 

i 


.5 


.87 


1 


.87 



-210 \ 
— -3,67 ' 


-180 

-I' -3.14 


-150 

T" -2-62 


-120 < 
T~ -2.09 


h -90 
-If 

"ST -1.57 


-60 
-IT- 

T -1.05 


.5 


° ( 


- . 5 


-.87 


-1 


- .87 
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These two programs use the same technique to determine the 
values of sin x. 

• 17 1, ■ 



X 






/, 








5. 1- - 




-30 
-If 

T -.52 


0 
0 


30 

t .52 


60 
If 

4 1.05 


' 90 - » • ' 
If 

a 1.57 


120 

"37 2.09 


4 1.-62 - 




. -.5 


0 


. 5 


.87 


1 


:87 ■ • 


.5 • 



180 

t 3.14 


210 

U 3.67 


240 
J 4.19 


270 

A 4.71 


300 

O 5.24 


33 °\J 

L 5.76 


360 " 
& 6.28 


0 


-.5 


-.87 


-1 


-.87 


• 

-.5 


0 




The programs for example 1 ca^ be easily modified to be appropriate 
for this problem. 
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We have drawn these graphs in great detail. If we look carefully 
they reveal the characteristic properties of the sine function. Notice 
that y * sin x : 

1. has a characteristic shape. • * 

2, is continuous. 

17. 



5.1.-6 

3. has all redl numbers as'its domain. 

4. has the set of real numbers -from -1 to +1 inclusive aa 

its range. ^ 

5. increases in quadrants I and IV. 

6. decreases in qyadrarfts II and III. 

7. is positive in quadrants I -and II/ 
is negative in quadrants ill and IV. 

9. repeats itself (has a' cycle) every 360°. 

Several of the types of properties listed above have special names. 
|Prop^rties 5, 6, 7 and 8 are generally referred to as variation , or how 
the values ^ y change when the values of x change. Property 4 is 
called the amplitude or the biggest distance the graph gets from the 
x-axis. The amplitude of y = sin x is 1. Property 9 is called the 
period or the smallest value that vphen added to any x will giv.e the same 
y-value. The period of y = sin it is 360° or 2% . This means that 
sin (x + 360)° = sin x. 



Exercises/5.1 

(1 - 3) Sketch a graph of the cosine function 

(a) as x varies fvdlfifO to 2^ at intervals of . 

(b) as x varies from to 2 11 at intervals of — U— 

6 

1) What is the variation of y a cosine x? 

2) Wh&t is the amplitude of y, * cosine x? 

3) What is the period of y = cosine x? 



(4 - 7), tjse the graph of y =5 sin x^and y = cos x^to determine the 
» y , * 

Quadrant that thfe terminal sidS of angle x would be in if, x is increasing 

4) sin x is positive and decreasing. 

5) cos x is positive and increasing. 

*• 

^6). cos x is negative and decreasing. $ 

^ , 4 n » 

7) sin x,, is negative and decreasing. 

(8 - 10)° Use the-'graph of sin x and y = cos x to determine the ' 

positive value of x, less than 1*$ when:' 

8) sin x = cos x,^and both are negative. 

9) sin yc is negative and cos x. = 0. , i 

' it* t 

10) sin x = cos x, and both are positive. 



0 



11) What characteristics do the functions y = sin x and y = cos^x have 

in common^ - - 

* • * • 

12) What characteristics cfo the functions y sin x and y^ = cos x not 

* \have in common 9 *^ ' Xv <«_ 

\ 4 ,° 

13) • Consider the function y f = cos -a + sin x. • 

■r 

* (a*) ^Without calculating speci fic values, sketch what you think 

* this £raph will look like. 

' ' a. S 

(bj Sketch this graph for values of x between 0 and 2 1/ at inter- 

vals of JL- . ' / 

12 ' 

14) Consider the function y = cos x**- sin x 

r, • * % 

( (a) Without calculating specific values, sketch 'this ^raph. % 

(b) -^Sketch this graph for values of x "be twe'en 0 and 2 f?**at inter- 



vals of 



12 

15) How do you think the graph of y » sin x - cos x would look different 
from -Otte graph of y * cos x - sin-x? 'fv^rS? your answer. 



- 5. 2 



5.2 [ Graphs of the tangent function. 



The function y = tan xjcan be graphed in the same manner as 



sin x and y = cos x. 



Example lj 



Sketch the 'graph of y = tan x for values of 



'between 0 and 36p (2^) at intervals of 10° ( ~—) 

- 1 8 



x degrees « 
x radians 


Q ' 

0 


to - 

"if (0.17) 


20 
If 

T (0.35) , 


' 30 
It 

T (0.52) 


40 „ 
1 (0.70) 


50 ' 

It (0.87r- 


tan x ' 


0 


0.18 ■ 


0.36 - 


.0.58 


0.84 > 


1A9 

9 



1 £.A 
1 w 

(1.05) 


70 
7^ 

If (1.22) 


* * 

80 * 

9 (1.40) 


nr! " 

If 

* (1,57) 


100 , 

<r1t « • - 

T d.75) 


v 110 
/* (1.92) 


120 1 
Alt' 

T (2.09) 


1 1.73 


2.75 


5.67" / 




-5.67 ■ 


-2.75 


-1.73 
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130 


140 


150 


160 


170- 


• 

180- 




.It (2.27) J 


2JL 

1 (2.44) 


< . (2.62). 


T" (2.79) 


It (2.97)' 


1? (3.14) 




-1.19 


-0.84^ - 


*-0.58 


-0.36 


-0*18 * 


0.00 




* 

190 


200 


•210 


t 

220 


230 


240 




/f <3.32) 


'telt 

1 (3,49) 


jit - : 

4 (3.67) 


9 (3.84) 


A&lt 
It (4.01) 


~ (4.19) 




0.18 


0.36 




0.84 


1.19 


1.73 ' 

« 
















to 


250 


26o/ 


-270 


280 


290 


300' 




it (4.36) 


9 .(4.54) 


A (4; 71.) 


(4.1^ 

9 (4.89)' 


It (5.06) 


~5 (5.24) 




2.75 


5.67 




• -5.67 


-2.7 5 ' 


-1.73 ' 










m 

• 





310 

It (5.41) 


320 

1 (5.59) 


330 . 

6 (5.67) 


340 

9 (5.93.) 


350 

lT (6.11) 


360 * 

cA^ (6.28). 


• -1.19 


-0.84 


-0.58 / 


-0.36 


-0.18 


0.00 




5. 2 - '3 



/ 



The programs from example 1 section 5.1 can again be easily 
modified to be appropriate for this problem* 



You probably can guess what the sketch of y 4 tan x will look 
like as x varies f rorif --2 D" to 2 ft* . 



Example 
x betwe 

x (degrees) 

t 4 

x (radians) 


2; Sketch 
en -2 If and 2 

-360 
< (6.28) 


the graph of 
I* at interva 

-3*0 

H IT 

t (-5.76) 


y ■ tan x for 

is of ± , 
' 6 

: * 

-300 

3 (-5.24) 


values of 

-270 " 
— (-4.71) 


tan x 

m 


0.00 


0.58 


1.73 • 





-X (4.19)^ 


. i, (-3.67) 


■lOU 

-fi* (-3. 14) 


• — (-2.62) 


~ (-2.09) 


\ 


-1,73 


-0.58 


0.00 • 


0.58 ■ - 

\ 


1.73 


4 



-90 

-IT" . 

(-1-57), 


4 

-60 
-IT 

J (-1.05) 


-30 
-ft" 

T (-.52) 


t 

0 

t 

9 


30 

4 (.52) 


60 
2 

^ (1.05) 


90 

<*.57) 




" -1.73 


-0.58 


o.q 


0.58 


* 1.73 
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/ 



lb, • 



120, <- 

AIT- 
'S (2.09) 


150 

4. (2.62) 


180 

ft C3.14) 


7 # 

U (3.67) 


\^40 

J (4.19)*. 


270 

JL (4.71) 


-1.73 


! -0.58 


0.00 


\ 

0.58 


1.73 




300 

sir- ' 

T"(5.24) 


330 

_!«£ ' 
6 (5.76) 


360 
a'm" (6.28) 








-1.73 


-0.58 


0.00 









"7 




f 



'The tangent function 1 : 
.sco rSi nuc u s vh e n v = 



laracten s tic space 



irarratic because 



y.ir 



( v;h ere k is ar. odd integer; . Because 



tne t a r. 2 e n t curve ar^proacnc s lines such as x = — 



i o p M nor o t* r* 



^ 1- ^ 1_ s 3 C . I _ l_l 



fcsaid to be *g syrrp to ti c to these line-. Because the " a L u e 3 5 ire t^R^er. t 
function can b e core larger than any fixes oositive nupber "anu srraller una: 
an/ fixed negative nur.be r ve do* not cefme the arp I 1 1 u-e of tne tangent 
function. 



ERLC 



Notice that y = tar. 

1 . has a characteristic snape 



di c 



3ir 



i c continuous vnenev^r x 



3 1/ 



-IT 



0 



... trial ;s nr A c\ multiples 
has all r * a 1 n unb e r s except s u ; tu 1 1 1 p 1 1 er s o f 
na - all r r a 1 numb e r % as 1 1 c r an ^ r 



lb.. 



\ 



Y 



-a^r 



5. increases in all quadrants 

6. is positive in quadrants I and III 

7. is negative in quadrants II and IV 

8. has a period of 180° or It 

» 

Exercises 5.2 

(1 - 4) From the graph, estimate the values of x, -2 ft" < x < 2^ 
for which: 

(1) tan x = tan (^50)° • * (2) tan x = .'5 

(3) tan x = -2 § (4) tan x = x 

(5) Explain how you would convince another student that tan CI 80 x 
= tan x from the graph of y = tan x. 

(6) Describe a function, other than tangent, that has afi asytrptote. 
Sketch the function and label its asympfcote(s) . 

(7 - 8) „ (a) Without calculating specific values, sketch what you 
think the graph of each of these functions will look like. 

(b) Sketch each graph for values of x between 0 and 2 M . 

(7) y = sin x + tan x ^ (8) y = tan x - cos4c 



3. J> - 1 



5,3 Graphs of the Cotangent, Secant and Cosecant' 



The graphs of the cotangent, secant and cosecant can be drawn m 
the same manner as those of the sine, cosine and tangent. Sketches of 
these graphs are shown below. 



I 

5. 3 - 2 



Exercises 5,3 

(1 - 3) Make a table of values and a careful sketcfy -of each of the 

following for -2^ £ x < 2?" at intervals of — . 

6 

(I) y ■ cot * (2) y** sec x 

(3) y = esc x 

¥ 

(4 - 9) Determine each of the following for each of the functions cot, 

• > 
sec, esc. 

(4) period (5) domain 

(6) range (7) (dis) continuity 

(8) variation ^ (9) amplitude 

(10) Explain why the graphs of y = sec x and y » esc x never cross the 
x-axis, while graphs of the other functions do cross the x-axis. 

(11" - 13) Graph each of the following pairs cf functions on the same 
axes. 

(II) y = sin x, y = esc x 
(12) y = cos x, y m = sec x 
(1^ y = tan x, y = cot x 

(14) Discuss'how the. graphs of each of (11), (12), and^ (13) are 
related. 



r 



• . ■ 
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5. 4 - l 



— Amplitude, Frequency and Period of the Si ne aircr 



Cosine Functions 



Jhe Allowing graph shows a sketch of three different 
on thfe same axes: y = 2 x> y - sin x, y = sin 2x. 



sine curves 
* 



Eilt in the missing entries in this table 



J* 



V 


0 


c 


IT" ! £ | 4? 
j i a j 3 






^ ii a 

3 i* u 




2 sin x 




1 .00 


: 2.00 






0.00 


1 

I 1 

! ' 

i 1 •* 


i 


•* 


sin x 




0.50 










o.co 




■ 1 1 






sin 2 x 




0 . 87 






. n m 




■ 0 . 00 




i 

! 


i , 1 

| 

! 






,Y ou ~>a y wish to f i n ^ 3 'j 1 1 vpn^f 1 / * 1 1 
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5. 4 - 2- r 



• Notice that multiplying the value of the angle by 2 divides the 

f 

period by 2 and does not change the amplitude* Notice also that multi- 
plying the value of the function by 2 multiplies the amplitude by 2 and 
does not change the period. 



Notice thet the frequency or the number of cycles within 2 If is 
2 for y = sin 2x, and 1 for y = sin x and y = 2 sin x. 



Let f(x) be a sine or cosine function. 

y = a-f(p-x) has a period j ~' times the Deriod of 
y \ r J I Pi - 



y - a'f(p-x) has an amplitude \a\ times the amplitude 

Ox 

y = f(x) . 

y = a»f(p-x) hds a frequency of J pi cycles for every 
2 ?r (3£0°) * ' 



Yofc should become* so familiar with the basic curves y = sin x, 
y = cos x and y = tan k that you can sketch their characteristic 

y 

shape without calculating particular values. Knowing the period and 
amplituao- ;f a function yoil should be able to quickly sketch the graph 



using 6hly the values of x at 0, 



If f -£ and 2 II 



Exercises 5.4 
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(1 - 10) For the given function^state the a) amplitujj^ b) period 

and c) frequency in both degrees and radians. 

» 

(1) y = sin x (2) y = 2 cos 3x 



5. 4 



(3) 
(5) 
(7) 
(9) 



i sin 3x 
2 



(4) 



y a sin 4x 

3 

y = cos 5x 

y = — tan 3x 
6 



4 sin x 



- (6) y = .7 cos ,2x 

(8) y = 5 sin - x 
2 

(10)' y = .27 esc 6x 



(1L - 14) Write an equation for a sine curve whose period is II 
and whose amplitude is: 

(11) 2 y ' (12) ± 



(13) 



.53 



(14) 6.2 



(15 - 18) Write an equation for a cosine curve whose amplitude is 4 
and whose period is: 



(.15) 360° 

(17) 3ft" 

i 



) 



(16) J 
(18) 72 c 



(19 - 22) Determine the maximum and the minimum value of pach o 

the following functions: 

(19) y « 2 sin 3* 

(21) y » I cos 5x 
2 

(2 3) Complete the following chart 



(20) y = 2 cos 7x 
(22) y = 12 sin x 



function 


period 


amplitude 


frequency * 


y = sin x 








y = 5 sin x 


. 4 






y 3 sin 5x 








y - 5 sin 5x 








y * cos x * 








y = 5 cos x 








y = 5 cos 5x 






» 











ERIC Exter * d the ldeas of Period, amplitude and frequency to accommodate 
wmmmm these functions. < 
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(24) Explain why the period of y = sin 2* is ^ the period of y = sin x. 

(25) How are the period and frequency of a function related? 

(26) Explain why the' 3 in the function y = sin 3x changes the frequency 
and period but not the amplitude. 

(27) (a) On the sara^axes sketch the graph of y j= — cos x and y = cos -| x, 

as x varies from 0 to 2 IT - . * 



t (b) Use your graph to determine the number of values that satisfy 

the equation - cos x = cos - x for x between 0 and 2 if inclusive*/ 

(28) (a) On one set of axes, sketch the graphs of y = 3 sin x and J 
y = 3 cos x from 0 to ^ . 



(b) From the graphs made in answer to (a) , determine the number of 



values of x between 0 and U inclusive, for which 3 sin x = 3 cos x. 

1 ^ 
(29) (a) ^ketch the graphs of y = - sin x, 0 < x < 2 N , and. y = . 3 on 

the same set of axes. 

(b) Use your sketches to approximate the solution set for the equ- 

at ion — sin x = .3. 

* (30) (a) On the same set of axes sketch the graphs of y = 2 cos x and 
" t 

1 /> 
y = sin — x as x varies from 0 to 2 II . 

2 

(b) Determine the values of 0 < x 2 \l for which 2 cos x = sin - x. 

~ ~ 2 

(31 - 34) Sketch the graph of the following trigonometric functions 

for all real numbers between -2 IK and 2 // . 

(31) y = sin - (32) y = x sin - 

x x 



(33) y = - sin x * *(34) -y = e sin x 



- V 



Thes0 orohlems are unusual' and challenging to even thejbest of students 

/ 



i/ 
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(35) Determine the period, amplitude, frequency and cycle -dt the 
functions in exercises (31) - (34). 

(36) "In some cases in exercises (31) .- (34) the concepts of period, 
amplitude, frequency and cycle do not apply. Discus's why this 
is true and how you could anticipate these' irregularities by 
carefully examining the equations of these functions. 

(37) Sketch the graph of y = 2 sin x cos x for -2 If < x < 2 If . 

(38) . Write another equation fen; the function described in (37) and 

verify that these two different equa^tyfns represent the same 
function, • 

* 

(39 - 41) Sketch the graphs of the"~?ol lowing trigonometric functions 

for all real numbers between -ift and 2 ft . 

2 2 l 

(39) y = cos Qr - sin Qr * (40) y = 2 cos -1 

(41) y = 1 - 2 sin" QT 

(42) What special propercies are true about the functions described 
in (39) - (41)? Verify your answer. 



/ 
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5,5 Graphs of the Inverse Trigonometric Functions 

% 

■ In graphing the trigonometric functions the first element of each 

ordered pair is the measure of an angle x expressed as a real number (radians) 

The second element, for example cos x % * is another real number. The number x 

uniquely determines cos x^ To obtain the inverse of the cosine function we 

interchange- x and Cos x to obtain a new set of ordered pairs {"(cos x, x) } 

★ 

However, as we have already s^een cos x does not determine x uniquely. 
In face there are infinitely many values of x corresponding to any speci- 



Y 

;fore \the* i 



fic cos x. Therefore \the* inverse of the cosine function is a relation 
and not a function . The same is true of each of the other trigonometric 
functions. 



If a trigonometric function is made one-to-one by restricting its 
domain, then its inverse will also be j^function. If the domain of the 
cosine function is restricted to 0 < x < U , there is a unique value for 
x. In a similar manner, the domain of the. other 'trigonometric functions 
may be restricted to produce inverse functions. The restricted domains are- 
the principal values of these functions. 

K 

% 

To distinguish the inverse functions we have just defined from the 

*★* 

inverse relations the initial Tetter* of_ the name is capitalized * when 
referring to the inverse function.* 



*• - 

You may wish to look again at sections 3.4.and 4.4 and compare the dis- 
cussions of inverses in T:hese sections to ttfe ideas developed here. 



A relation is a* set of ordered pairs in which, the second element ^s not 
. uniquely determined, by the first element. A, function is a set of ordered, 
pairs in whiclj the second element i>s uniquely determined b,y the first 
element. 

Many peojple indicate these differences orally .by reading Arc sin x as 
M cap arc sine x M and Sin" *x as "cap sine of x inve^i/C • ■ 

; ; - . !>'■ 



The range "of "the inverse trigonometric functions 



is : 

* Arc sin x or 9 



£ Sin x < 



0 < Arc cos'x'< ^ or 0 <Cos _1 .x < ft 



IT 
T 



ictic 



^By restricing the domains of the trigonometric functions so that 
their^ inverses are also' functions we^can describe jfhe function y = Sin 
y = Cos x, and y = Tan x. 



Example : 



Sketch the graph of the relation y = cos~^ x and 



indicate the graph of the function y = Cos ^ x. 




u - Ceo ' X 



-? 



v 



4 



4 L 



135-/ 



5.5 - 3 



Example : Sketch the graph of y = Cos x and y = Arc N cos 
on the same axes. 4 




Note the following summary. 
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Function and Inverse 




Function and Inverse 
f : y = Tarl x 



f rl : y = Tan 



Domain 



< x < 



- CO < x < + oo 



5. 5 - 4 



Range 
J 



- Op < y < -hOC 



< y < 



* Exercises 5.5 

(1 - 5) Sketch the graph of each of the ' following relations : 



(1) 


y = 


. -1 
sin . k 






(2) 


y = 


tan"* 1 x 

N. 


(3) 


y = 


CO t ^ X 








y' = 


-1 

sec x ' 


(5) 


y = 


-1 

CSC X 












(6 - 


10) 


Use your 


sketches 


of (1) 


- (5) 


and 


indicate by a thicker 


curve 


each 


of the following;/ 








* 


(6) 


y = 


Sin 1 x 






(7) 


y = 


Tan x 


(8) 


y = 


Arc cot x 






(9) 


y = 


Arc sec x 


(10) 


y = 


Arc csc x 










7 


(11) 


Complete the 


following 


tables 









Function and Inverse 


Domain 


Range 


f i\y = Cot x 
f 1 : y = Cot 1 x . 




i 

N 


>w f : y =» Sec x 

-1 - 1 
r j y = Sec x 




* 


1 ' T 

f : y 3 Csc x 

T 1 : f = Csc" 1 x ^ 
, — . 


/ 


\ 



- CO *and + oo Wpresent negative infinity and positive infinity respec- 
tively. They are not real numbers but rather useful extensions of the y 
real number system. - oo is less than any real number and every real 
number is less than + oo . Thus - oo < x < + oo for any real number 



19fj 



( 



1 



5. 5 5 * 

. • • t 
(12 - 1-6) Sketch the graphs- of each of the following ^coll^ction 



of functions on the same axes. 



(12) 
(13) 
(14) 
(15) 
(16) 

(1?) 



= X 



y = Sin x, y = Arc sin- x, ^J^j 
y ■ Tan x, y = Arc tan x, y = x 



y = Co t x , . y = Co t 
y - Sec x, y ■ Sec 



y = x. 
y = x 



1 



y = Csc x, y - Csc x, y = x 

w • -1 % 

Choose any function, f(x), whose inverse, f ' (x) , is also a 

.-1 



(1*8)' 



function. Sketch the graphs of y = f (x) , y = f (x> and y = x 

on the same axes. / 

What relationship exists between the graph of a function, the graph 

of the inverse of the function and the graph of the line y = _x\^ 

Why? " ' 
I - . f 

(19) ^Suppose that your calculator did not have tan; or. tan keys. ■ 

* * - ^ j 

How coul^d you determine values for these functions? 
(20 - 25) (a) Express each of the following algebraic expressions as 
a keystroke sequence for your calculator. (b) Execqte the sequence of 



keystrokes on your calculator and give a reason why your calculator 
plays th^ answer that is given. 

' ' ' (21) Sin" 1 45678 







i 




(20) 


Tan 


45678 


(22) 


Cos" 


l 


45678 


(24) 


Csc" 


l 


0 ■ 



(23) 
(25) 



Cot" 1 45678 



Sec 



-1 t 



(26) On page 5.5 - 1 we said, "If a trigonometric function is made 

one-to-one by restricting the domain, then its inverse w,tll also 
• , be 1 a function'!., why 'is this true? 
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* 5. 5 - 6 

- ^ * It 

(2>) For — - < x < — — ; the function v = sin x has an in- / 
i ^ ■ 

ver$e that is also a function. Name another restricted domain 

' • for which this function has an inverse function. *Giv$ a 

♦ reasonable explanation why this is not the range of y = Sin -x. 

(28) Why would it be reasonable to read Arc sin" x as "cap inverse 
sine of x M . What does this -infer about the relation of sine and, 

the relation of inverse? 
\ 

(29 - 32) Sketch the graphs of each of the following relations. 

(29) y = arc sin 3x , (3JJ) y = 2 arc cos' 2x ~ 

(31) y = arc cos i x ■ (32) v = I arc sin - x 

2 1 2 

(33) Choose a function, f (x) , whose inverse, f~ L (x), is not a func- 
tion. Sketch the graph of f.'^x). Consider the /amily of lines 

~ x = k where k is any, real number. What is the value of k such 
that the line x = k intersects the, graph of y = f^(x) in more 
than one place? Could this happen if f _1 (x) was a function?' Wtiy? \ 
v 

(34 - 40) Find the value of each of the following y 
fa) without a calculator. and 

(b) verify that your results are correct t^y checking your 
answer to fa) with your calculator. 

< 

(34) tan (Arc sm 1/2) 35) ' sin (Arc tan 5 / 12 ) , 



IT" 

(36; csc (Arc-sin 1/2) . 37) cot (Arc sm ( ' 



2~» 



2 

(40) cot (Arc cos (-1/2)). 



(38) cos (arc sm (— - )) 9 39) cos fare csc 25/7) 



9 
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Chapter 5 ' TEST; 
^Directions: For (1 - 3), • a) Evaluate the expression to four decimal 

4 

places using your calculator. b) Find the exact value of the 
expre ssion without your calculator. v ^-r^ 

1 ) tan[Arc s in ( tfT/2 )] 

2) cos [Arc cot (-5/12)] 

3) Given: cos t = -8/17 

Find: sec.t 

. I « * 

( 4 v 7 ) Find the value of each of the following expressions, V 
•4) (cos 2lh(sin 2 t/6J - (cosf^sin t/3) 2 

5) sect + cos It/2 - tan f"/2 ^ 

6) cosfArc sin 172 + Arc cos'1/2) 
, 7) Arc cos 1/2 4-Arc cos *l/7/2 

i 4 

<■ * ♦ 

8) For what replacements of & t such that 0< &< ft is tan & = cot 

9) As t increases from U / 2 + ft, find the variation of the esc t 
10) Given: y = b sin bx and y - b cos bx. 

•For b = 5, how many more x-intercepts between [0, 2^] are found 



(1 



* for the sine function in comparison to the cosine function 9 
✓ «* 

1 - 14) Answer the following, using the letter before the function listed 
below. If tfyere is more than one correct answer, list them all. 

\ 

V .A) y = 2 sin l/2x 

B) y = 3 cos 2x % * 

C) y = 1/2 tan 2x^ . 

D) " * y = -1/2 sin 3x 



T* 5 - 2 



H) 

12) 
13)" 
14) 



Function(s) with amplitude of 1/2 

t 

Function^) with period of ^7 2 
Function(s) with f ]*equency *of 3> 
Discontinuous fi^nctionfs) 



15 a) Sketch the graphs- of -A and B from (11- 24). Use the same set of axes 

in the interval [0, zfr]. Label each graph with\ts equation. 
bj For how many values in the interval [ V. , l^L] does 2 sin l/2x = 3. cos 2x?. 

16 a) • Sketch the graphs of y = 2 cos x - 1 and y = -cos x on-the same axes 

in the interval [0, 2^]. Label each graph with its equation ' 
■ b) For what value (s) of x in the interval [ -y] is 2 cos 2 x - 1 - cos x ='6'' 



. r ■ 
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6. 1 - 1 



/ 



CHAPTER 6 SOLUTION OF OBLIQUtf TRIANGLES AND OTHER APPLICATIONS 

OF TRIGONOMETRY 



In chapter 3 we solved problems represented by right triangles, 
f> * 
In this chapter we will consider problems represented by triangles 

that are not right triangles,- Sucrf triangles are called oblique tri- 
angles* and the process of finding the measures of all of sides and 
angles of a triangle when only some of these measures 'are known is cal- 
led solving the triangle . We will also consider some of th* other 
applications of trigonometry. 
/ - 

6,1 Oblique Triangles 

Recall from plane geometry that a triangle is uniquely determined 
if we knowr 

- two angles and one side (ASA or AAS) ' 

- two sides and an included angle (SAS) — 

- three sides (SSS) . S 1 « 

In generaj^ knowing- the measures of two sides and an opposite 
angle of a triangle (SSA) is not sufficient to determine a unique tri- 
angle. It sometimes 4iappen*s that only one triangle, two triangles or 
no triangle can, be constructed given the\neasures 0 f two sides and ar 
opposite angle of a triangle. Since there are three possible outcomes 
to this situation, (SSA), is referred to as the ambiguous case . 

In maklftg our analysis of these situations we shall refer to the 
known angle as ^ X- and the known sides as x and y. 

) 



★ 

We will use the customary notation in which an angle is denoted by a 
capital letter and the side opposite is denoted^fey the lower case' of 
q the same letter, I 
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6 1-3 



Case C 



Case D 



^ X is obtuse and x > y. 




Only one triangle is possible. 
If ^ X is obtuse, £hen 

X > m j Y so it is 
impossible that x < y. 



"/ 












i \ 





V 

XY ! Z = AxYZ 
If ^ X is right, then 
m X > rn ^ Y and 
x > y so one triable is 
possible. If ^ X is right 
*thenmT| X>mj Y so 
it is impossible that x < y. 



Summary of the ambiguous case 
. ^ X is acute and* 
x > y * one triangle 

x < y 



two triangles (x ;> altitude to y) 
one (right) triangle (x = altitu^.- 
no triangle (x < altitude to y^} . 



^ X is obtuse or right^ 

x > y one triangle 

x ^ y no triangle 



- 

V 

Notice that whenever thf given angle is opposite the larger of 
the two given sides only one triangle is possible. 



6. 1 - 4 



Example 

Determine the number of possible solutions when — 
and x * 11.3, y - 12.3. 



4 n ~ " 



X 




We need to know the length of the altitude from Y to, XZ 

Consider Z__ XYZ 1 where^ is a right angle. 

Let^a /= = altitude from Y to XZ. 



Y 7 J 




sin 53" 



12.3 
9.8 £r a 



since 



11.3 > 9.8 there arVtW possible triangles. 



/. r 
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Example 

How many triangles ABC can be constructed so that m ^'B = 72 C 



let h = altitude from A to BC 
h 




dtn 72 •= 



153.1 
145. 6/ ~ = h 



since h > AC no such triangle can be constructed. 

ExercisesNfe.l * . 

(1) ' After case C we said "If ^ X is obtuse ' then *m £ X > m £ Y so 

it is impassible that x < y ft . tWhy? 

(2) Why is it unnecessary to consider a case when ^ X is a right 
angle? 

(3 - 8) Find the number of possible triangles XYZ that could be con- 

1 ■ \ 

structed if: 



(3) m-i X = 14 , YZ = 7.3, XY = 5.2 

(4) m £ Y -'"103° 14 1 , XZ = 93.1, YZ = 98.2 
'(5) m 7j Z = 52.68°, XY = 93.1', YZ = 98.2 — 

(6) m X = 87°, XY = 9,^ YZ = 8 

(7) m ^ X = 62.73°, XY = 9, YZ 8 * 

(8) m ^ X = 7°, XY = 9, YZ = 8 

(9) Look carefully at exercises 6-8 above and make a statement 
about the relationship between the lengths of sides and the 

measure of the angle opposite, one of fcfhe sides. 



6 . 2 flic Law of Sines 



r 



In an oblique triangle if tvrt» ^ngles and One side (ASA or AAS) J 
or~ two. sides and the angle ^pposifc^tjQnjg of them (SSA) are known, then 
the solution of the triangle may,be determined by using the LAW OF 
SINES which ^tates that: tm measures of the sides of a triangle are 
proportional to the sinesjgtjthe measures o f f angles opposite the sides. 



LAW OF SINES: For each oblique triangle XYZ, 



x 



sin X 



sin Y 



sin Z 



4 



Proof; Given oblique A XYZ , let h be the al ti tude from Z t 



o XY. 



Sjj X is either aqjite or obtuse as shown below. 




20 



In each case for tight /,'_ YZW 



sin Y * h so. h = x sin Y< 



A 



and for right Z— \ XW2 
* * 



sin X - h so h'-,y sin X 



and x sin t - y sin X 



thus 



sin X 



sin Y 



If we let h be the altitude from Y we woutd obtain 



sin X - 



sin Z 



thus : 



sin X 



sin Y 



sin Z 



Example - 1 Solve XYZ if m % X = 48.3°, m i Y - 27 . 1 C 

v * and y 11.3 



sin X 



sin 48. 3 V 



sin Y 



11\3 



sin 27. r 



x 



U.3(sin 4g<fe Q ) 



sin 27. r 



■4 



x — 18,5 cm. 
Z 



104*6° 



J 



sin Y 



sin Z 



11.3 



sin 27.1 



sin 104.6^ 
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2 Or; 



1/ 



6. 2 - 3 



(2) I hl ( 3 *" 104.6 1 

*. sin 27.1 

24.0 



- - 2 



Notice the similarity between the equation (1) for x and the equ- 

"\ 

ation (2) for z. If you have a^ programmable calculator you nsay wish to 
write a program that can be used for solving oblique triangles using the^ 
law of sines, 4 \ 



Example 2 ♦ Solve A ABC given m ^ A = 42.5°, a ^14.7, 
and b * 24.6* 



sin A 



sin B 



sin 



sin 



- m ^ B 



sin ( 1.13 ) 



Since sin-^ > 1 there £s no triangle that satisfies the con* 
ditions of this example. 
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Example 3 Draw sketches of two triangles XY^Z^ and XY^ for 

which m X X - 33.7°, x = 16.9 and y - 2£.8, then solve both triangles, 

-A » 





y 



( 



6. 2- - 4 



16.9 



sin 33.7 
^pin Y 



25.8 



1 



s*n Yj 

25.8 sin 33.7 
16.9 



» 4 y 1 



= 57.9 



^ Y^is acute, ^ Y 2 is obtuse 
f 2 



m Jj, Y, « 180 ^57.9 - 122. V 



lb 



m j[ Z x =» 4 '180° - (#3.7 '+ 57 '.9) 0 

- 68.4° 

16.9 ' _ z l 
sin 33.7° silvM^ 0 

1 30.4 — z < 



m ^ -Z^ = 180° - (33.7 + 122.1) 



24.2' 



16.9 



sin 33.7 , sin 24.2' 

12.5 d=. z 





Exercises 6.2 

% (1) Let h be the altitude to side, y of A XYZ. Prove that 
h = 2^ sin X = x sin Z. 
(2) In A XYZ prove that | xy sin Z = - xz sin Y - i yz sin X. 
(Hint: show that the area of Z\ XYZ = -| xy Z.) 



20 



6. 2 - 5 



(3) Pro^e the Law of Sin«s by using the equation established in 1 
exercise 2. 

(A) In A XYZ whv is sln * ' = illlJL « \ ain Z 7 

x y x z 

(5) Prbve that the Law of Sines ^is true 'for righ^ triangl es . 

(6) It is possible to express the Law of Sines by laying, "Within 
any triangle the ratio of the sine of an angle to the length of v 
its opposite side is constant;." Explain why this form of the 

Law of Si^nes is equivalent to the* form we have used in this section. 
In exercises (7 - 24) you may wish to write a calculator program that cart 
be used to solve groups of problems. 

(7 - 12) Solve triangle XYZ given the following sides and angles. 

(7) m ^ X = 143.2°, y = 11.3, m ^ Y = 29.5° 

(8) a $ Y » 119°, x - 112.37,, £ Z - 30° " < 

(9) Y - £ ', y **26, m } Z I - l£ 

(10) m | X =• 123°, y = 7.5, m £ Z = 15.7° 

(11) m ^ X - 72° 15', z - 23.87, m ^ Z. - 42° 57 / — 

(12) m » 136° 1(/ , 5) = 58.4, m £ Z - - 46° 25' 

(13 - 16) Use the formula of exercise 2 to determine the ^U^ea_oJ^ 
ABC given the following information. 
(13\ m ^ A = 28°, b"- 11, c - 7 

(14) m ^A^'148 0 , b = 22.7, c - 17.5 

(15) m £ C = 38°, a = 12.26, b - 15.73 

(16) m £ B = 109°, a = 7.25, c = 8.25 ' 
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(17) ABC, a = 146.2, b « 87.7 and the area of A ABC is 

312.8. 'Determine m £ C. j 

(18 - 19) For each of the following sketch- two triangles XY Z and ' 

1 i 



YV 7 

"*2"2 



*«« jwivc yum Li Kingies , 



(18) m £ X = 38°, 'y = 5.8, x - 4.7 

(19) m X = 24°, y = 8.43, x = 5.73 

(20) The longer diagonal of a rhombus is 12 centimeters long and forms 
an angle of 38° with the sides. Determine the lengths of the sides of 
the rhombus: _ * 

(21 - 24) Solve triangte MPQ given the following information. 

(21) ra M = 28°, m = 19, p = 34 

(22) m^M = 125° 14' , m = 11.56, p = 9.37 

q = 1 21.4, p = 123.1 

■ 18.7, m = 12.6 



,7° 53 V 



(23) m * Q = 6; 

(24) m = 43.7°, p 



(25) . In trapezoid MATH, m ^ M =- 72° 18 7 
15 7 , MA = 12. *8 and 



M 3 A 

sides MH and TA. (Hint: draw 
TB j| MH.) 

C2^) Look back at exercise (20) on page 3.5-6. Use a method other 
. J than your original solution to solve this problem. 



n 



v *< 
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6.3 The Law of CosShes 

In an oblique triangle if two lides and the included angle (SAS) 
or 'three sides (SSS) are 'known/then the solution of the triangle may* 

be determined by using the LAW OF COSINES. This'iaw has three forms 

f 

wfrich are essentially the same. 

LAW OF COSINES • 1 
For any triangle XYZ, 



2 2 2 

x * y + z - 2yz cos X 

2 2 2 

y x x + z - 2xz cos Y 

2 2 2 

z = x + y - 2xy cos Z 



A 



Proof: (Analytic) 

Let triangle XYZ have ^ X position in the coordinate 
plane and let Y have coordinates (z, 0). Let Z have coordinates 

' \ ■ 



1 



J 



V 

* 














< 

« 






Y . 




> 




/ 



2 ' 



6. 3 - 2, 



( Z X> z y) • 



z x = y cos X; z v = y sin X 



Using the distance formula * 
* 51 \j(y cos.X - z) Z + (y si<n X) 2 

x 2 = (y cos X - z) 2 + (y sin X) 2 

2 2 2 2 2 2 

x * y cos X - 2yz cos X + z /f y sin X 

y 2 cos 2 X + y 2 sin 2 X = y 2 (coaTX + sin 2 X) 

2 2 2 

x - y + z - 2yz cos X 



C- 



by merely changing thfe lettering in the diagram above the other two 
forms of the law can be verified. . , 

ExampleT^So'lve £L XYZ given x = 15, z = 29 and' m / Y = 
The appropriate form of the law of cosines is 



l'03 c 



2*22 

y - x + z - 2 xz cos Y 

2 2 ? 

y =. 15 + 29" - 2(15) (29) cos 103 



and y = 36 

( 



To find m ^ X and m ][ Z we can use the law of sines 



sin Z 



- _JL 
sin Y 

36 

sin 103 sin Z 



29 



52° 

m % X * 180° - (103 + 52)° 



= 25 



« 4 1 

o 



You may confute m Z - 53° if you did not round y to 36 . 



erJc 



2U , 



1 



§.3-3" 



Exanple: Solve triangle MPQ where m » 10, p » 15 and q = 17 

2 2 2 , 
m - p + q - 2pq cos 

IP 2 - 15 2 + 17' 2 - 2(15) (17) ' cos M 
2 2 2* * - 

10 -"-17 -cosM ' 
-2(15) (17) 

.8117 ■ cos M 

36° - m ^ M 

y 

7 p ■ m + q 2mq cos P 

2 2 ? 



j 15 - 10 _ 17 - 2(10) (17) cos P 

= cos P 



1 1 1 

15 - 10 - 17 



12(10) (17) J 

.4824 » cos P 



o » 
61 » cm ^ P 



m ^ Q = 180° - (36 + 61)° = 83 



Exercises 6.3 * 

(1) Let triangle XYZ have | Y in standard position in the coordinate 

plane. Derive the fallowing form of the law of cosines: - 

2 2 2 . 1 

y ■ x + z - 2xz cos Y * • 

, (2) Determine a fecial form of the Law of Cosines for right triangles. 

(3) Proye the converse of the Pythagorean Theorem; that is, prove that 
2 2 2 

m z then XYZ is a right triangle having a right angle-, 



.■"•*> , at Z. 



/ ' * f > ' 



2i:, 
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(4) Explain one possible reason why the Pytha'gorean theofem is 

I 

not a corollary to the Law of Cpsiries. 

(5) Let ZW be the altitude from Z 
to XY in A XYZ. Use this in- 
formation to algebraically prove 
the Law of Cosines for acute 

triangles. 

f 

(6) Prove the Law of' Cosines algebraically for obtuse triangles. 
(Hint: let A XY£ have an obtuse angle at x. Let ZW be the 
altitude from Z to XY. Consider right triangles ZWX and ZWY. 

In exercises (7 - 20) you may wish to write a calculator program that 
can be used to solve groups of problems. 

'(7 - 12) Solve eachZ^ f RST, given the following information. 

(7) m ^ R = 57°, s = 11.3, t = 14.7 *> « \ 

(8) m S = 123.2°, r= 13.37, t = 21.54 
'(9) m ^ T - 32° 15 , r = 23.7, s = 11.5 

\ 

i = i u r?n f - t n n 7 



)( R = 1U S6 V 



r 



(11) m ^ S = 134°, r = 3.27, t = 2.14 

(12) m ^ T = 17.2°, r = 45.7, s = 53.2 

* s 

(13 - 18) Determine correct to the nearest tenth the measures of 
each of the angles for each triangle PQR, given the .following informa- 
tion: 

(13) p = 14.7, q = 16.3, r * 20.1 

(14) p = 3, q = 3, r = 18' J 

(15) • p =■ 2.7, q = 4.23V r « 2.51 ~ ' 

j 

(16) p = 5, q - 14, r = '17 
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6. 3.3. 5 

* 

(17) p - 123, q - 90, r - ^42 ^ 

(18) p - 5 l/T, q - 6 l/T, r - 19.83 . ' 

(19) Determine -the length of each diagonal of a parallelogram having ^ 
sides of 10 and 14.7 and one angl^, measuring 137 



(20) The radius o£^ circle is 18. Find the central, angle to the nearest 
degree subtended by a chord of length 33. • < 



\ 
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6,4 The Law of Tangents 



1* 



In ^n oblique triangle if* the measures of two sides and t^ie 
included angle (SAS^ are known, then the solution of the triangle may 
be obtained by usirfg,the W TANGENTS. This law has six forms 
which are essentially the same. 



The LAW OF 


TANGENTS 














x - y 


_ tan 


1 

Zr 


(X 


- Y). 


P 






x + y 


tan 


i 


(X 


+ Y) 










2 




-* ■ 





Proof 



The 1 Law of Sines 



can be rewritten as 



sin x 4 

y 



sin Y 
sin X 



) 



sin Y 



(1) 



x 

y 



1 
y 



2S + 1 

y y 



sin X 
sin Y 



- 1 



sin sin Y 

sin Y " sin Y 

sin X - sin Y 
sin Y 

sin X + sin Y 
sin Y " sin Y 



x + y _ sin X + sin Y 
y sin Y 



y + 0, sin \ t 0 



r 



combining equations (1) and '^2) foy division 
x - y „ sin X - sin Y 



x + y 



sin X + sin Y 
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* 

now 



sin X - sin Y - 2 cos I (X + Y)-sin | (X - Y) 
sin X + *in Y » 2 sin I (X + Y)*cos I (X - Y) 



y 1 1 

"thus x - y » 2 cos 7 "(X + Y) % stn ? ( X- Y) 

x + y 2 sin I" (X + Y) ' cos 1 (X - Y) 
2 7 



| ' cot \ (X + Y) • ta n | ( X- Y) 



r ^ — '■ — " * tan ? (X V) 



^ A 1 

tan 2 (X + Y) 



{ 1 



ta^2 (X - Y) 

- 1 • 

tan *2 (X + Y) 

This law has many equivalent forms that can be jd er i v *ci"by renaming the 
angles of the fSriangle and using the properties of proportions. 

Notice that the Law of Cosines easily allows us^to Obtain the 
value of the third side of a triangle when the measures of two sides 
and the included angle are known. Under the same conditions, the law 
of Tangents gives us the measures of the two remaining^ angles , 

Example C \ 

In A XYZ, x - 15, y = 23 and m ^ Z » 72°. Find m ^ A and 
m ^ B. Since y > x we will rewrite the Law of Tangents as 

i 

y : x m Up ? (Y - X) 

y + x ♦ tan A (Y + X) 

2 

m^Y+m^X = 180° : 72"= 108" 







the | 


proofs 
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23 - 15 , ' tan ? (y - X") 

23 + 15 ~ r~~~ — 

, tan j (108) 



8 tan 54 * I , 

3g = tan 2 (Y - X) 



0.29 = tan j (Y - X) 
16.16° = \ (Y - X) 



32.32* 



X + Y = 108° 



-X + Y - 32.32 rajJX = 108 - ' 70 = 38° 
2Y 140.32° 



m ^ Y =70° 
v 



Exercises 6.4 

(1) Why is the Law of Tangents not appropriate when^ the measures of 
the legs and vertex angle pf an isosceles triangle in known? 
„ (2) Why is the Law of Tangents not appropriate when the measures of 
'the legs of a right are known? 

(3 - 8) You may wish to write a program that can be used to solve these^ 
exercises. ' > 

(3 - 8) Solve each of the following triangles XYZ if the following in- 
formation is known. 

(3) x « 6.37, y = 8*52, m ^ Z - 34° 15 / 

(4) y = 14.732, z = 9.56Q, m $ X - 42.7° 

(5) 2 - 112.2^*« 96.2, m j£ Y - 118° 

(6) m ^ X - 136.2°, y - 15.6, z = ^ 
,o 



(7) • m £ Y » 82.7°, x = .31, z = .023 



(8) m ^ Z - 9°, x = ii.Z, y 9.7 



« «. 

6. 4 - 4, 



(9 - 16) Complete ttk following statements to verify that 
sin + ) * sin |> cos <©» + cos ^ sin + 

OA is the Ffcdius of a unit 
circle and ^ AOB * i + e- 
AB 1 OC, EC XOC i AF 1FE, 
AE I OE. . 
(9) A GOB ^ A GAE because 




(10) 

(liy 

(12) 

(13) sin 



^ EAG » j£ BOG because 

EC * 

sin 4 a — so EC * 

FE 



sin 4 * — so FE * 

AEL 
" 1 



, OC 

, cos 4 — so OC 

, cos <} — so AF 
OE 



so sin 



cos 



so OE = 



(14) 
(15) 



sin + * AB - AF + 



= AF + EC 



sin + * (finish by yourself) . 



" >. * ' * • / 

(16 - 19) Complete, the following statements to verify that 

sin (4 - -e) = sin $ Q os - cos f sin . 

(16)^ sin (4 - ♦) - sin' [ f + ( )] 

V (1\7) sin (<J - <*») 33 sin <fr • : + cas <fr ' __ 

(18) ' cos (- ■ cos ; sin ^Xr^-) « 

(19) sin (4 - -e) = (finish yours-el^ . Q 



2L, 



J 



\ • / 
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6. 4 - 5 
f 

(20 - 24) Complete (the following statements to verify that 

sin + - sin «. - 2 cos | (♦ + sin | (4 - and ~ 

1 " 1 

sin * + sin ■«-- 2 sin - (^+ «J cos -(♦ + •) . Let A + B = ^ and 
'A - B ■ «• . % 

(20) 2A « , 2 B = ■ 

(21) A ■ B ■ 



X 



(22) sin (A + Bj%f *ftn (A - B) - 

(23) sin (A + B) - sin (A - B) =■ 



(24) sin <f + si-n = (finish by yourself.) 
sin <f - sin -e- = " 



4 



4 

i 
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6.5 Parallelogram of Forces and Other Applications of Trigonometry 



When two forces are simultaneously acting on an object in two 
different, but not directly opposite, directions the result is- the 
same as one force acting on the ob3«ct from a direction somewhere be- 
tween the original two forces. If two known forces, a and b, are 
acting at an angle of measure 
in object X, the resulting 
force can be determined by 
computing * the diagonal of a 
parallelogram havitxg adjacent 
sides of length a and b that 
include an angle whose measure is • In our diagram the magnitude 

of the resulting force is the leng-th of 'diagonal XY. The forces a 
and b are known as components and force XY is called their "resultant. 




The process of finding the resultant of two or more forces is called 
determinin g the parallelogram of forces ♦ The forces themselves are , 
called vectors because they have a specific magnitude and direction. 



Example: An airplane is flying at a speed of 450 kph. At the 

same time the wind is moving at an angle of 2^^7?^with the path 
of the plane. If the speed of the wind is 18.7 kph, how long 
will it take the plane to travel 719 kilometers with the wind? 



9 

ERIC 



It is possible to solve problems of this type by scale drawings. 



* The resultant of three or more forces is determined by considering 
the forces two at a time. / - 



2 '> I 



6. 5 - 2- 



Osing the Law of Cosines 



2.22 
c « a + b - 2ab cos C 

c 2 - 450 2 + 18. 7 2 - 2(450) (18.7) cos 154.3°' 
2 218014.82 



c - *§6.92 kph * * 

719: x - 466.92 : 1 hr. 

^te - 1.54~hours « 1 hr. 32 min. 24 sec. 




X 



Trigonometry 'has many other applications especial 
sciences. Periodic functions like wave motion and circular functions like 
harmonic motion involve ideas from trigonometry that have significant ap- 
plication in the^ex^lanation of natural phenomena. Trigonometry is also 
widely used wherever indirect measurements are needed as in navigation 

i 

and surveying. 

We have been concerned with problems in which the angles and lines 
are confined to one plane. In many practical situations it' is necessary 
to consider three dimensions. 



Example: 

V 

A geology teflfej wishes to 
determine the height AB of 

\ 

a vertical cliff whose base 
, inaccessible because of a swamp. 
.They select two points C and D 



on solid groun4 and determine by 



strumentation that DC. = 55.3 meters, 
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,1 



$.5 - 3 



m ^ ADB » 57.23°, m i BDC >» 23.71 and m ^ DCB - 107 . 53 . 



in .4 DBC, m j£ DBC ■ 180° - (83.71 + 107.53)° - 48.76° 



sin j DBC sin ^ C 

DC " ~~DB 



sin 48.76' 
55.3 



sin 107. 53 c 
DB 



r 



In 4 ADB, 



70.13 m = 
AB 



DB 



tan 57.23° = rf 
tan 57.23° 



DB 
AB 



V 



70.13 

108.94 meters » AB 

Exercises 6.5 

(1) « A surveyor wishes to determine the 
height AB, of a tree. From 
C the angle of elevation to A is 
43.7° and from point D the angle 
of elevation to A" is 20.4°. 
If points DC and B are collinaar 
and CD « 10 meters, how h£gh is 
the tree. » 




' ^ ADB ii the angle of elevation of the top of the cliff from D. 



6^ - 4 

/ 

* 

Arthur Artcritic is standing 4 meters from a painting hanging 
on a wall of his favorite gallery. If the angj.e^ of elevation 
from his eye to the .top of the painting 12.6° and the angle 
of depression from his eye the bottom of bhe painting is 8,7 
how long is the painting to the nearest tenth of Vmeter 0 

Suppose that A, Artcritic \\a/s to turn his eyes 6,2° right and 
3,6° left to sight the side edges of the ^fcnting. How wide 
is the painting to the nearest tenth of a meter 0 



Wally Weekendgolf er estimates that he has sliced his tee shot 10 

j 

from th£ true path between the tee and th£ hole. -Re paces off h 
<* 

shot and approximates that it was 175 yards. If the hole is 410 

j 

m 

yards long, how far is he from the hole? 

Develop a method of determining the area of a triangle given the 
lengths of the three sides and find thte area of a triangle whose 
slides are 5, 6l and $i. ^ 

/ ' • 

Find the area of quadrilateral ABCD 
if AD = 10, DC =» 18.3, m^D 43°, /0 i 

m^A =^7° and m^B =■ 84°. 1^ . j 

In tjje first example in this section, bow long would it take 
the plane to travel 7 19 'kitbmeter s against the wind? 



r 



< /v 



1 s 



A surveying team wishes to determine 
the length of a proposed tunnel irom 
A to B. They have instruments at X and 
and Y and hav* determined that 
mjjAXY - 103.12°, rn^BXY - 59. 47°, 
oj^XYB - 107 . 32°, m^XYA - 59.68° 
^ and mj^AYB - 73.03°. (Notice that m^XYB A^AYB + mj^XYA so 
X, Y, A and B are not coplanar.) ^Jfr'and Y are 73.2 meters 
ap*Tt, what is the distance from A to B? 




Ground controllers at airports need to 
know jhe distance between the ground 
and the bottoms of the clouds. This 
distance is called the ceiling. One 
technique often used is to shine a fjr&e\jt\s 

strong light into the clouds and 

I 

.observe the angle of elevation &- 

as .represented in the accompanying diagram. If the building is 
150 meters from the light soytcj at a point 127.2 meters above 
the level ground and measures the angle«of elevation to be 65°, 
what is. the ceiling 7 




Make a chart at 5° intervals from 10° to 35° that could be used 
by the ground controllers in exercise 9." 



2- 
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(11) Suppose that you can swim at a rate of 2.3 "kph in still watef. 
If you are swimming across a stream vhose current is .8 kph, 
how fast are you actually moving? 

- / . 

(12) Suppose that raindrops are falling at a rate of 30 kph through 
a wind of 23 kph, What is the measure^of the angle at which 
the drops hit the grounfi (to the nearest fenth) 9 
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Chapter 6 TEST ' 

Direction*: For (1 - 4) draw a figure Write die formula you will be 
using. SHOW YOUR STEPS. 

1) N A diagonal of a parallelogram is 50 centimeters long and makes 
angles of 37°10' and 49°20', respectively, with the sides, Find 
the length of the shorter side of the parallelogram to the nearest 
centimeter. 1 



.2) 
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Two motorboats take otf from a point T at ihe same time. One boat 
travels at 10 miles per hour to a point R and the other at 20 miles 
per hour to a point S.' If the angle STR between the two paths of travel 
measures 105°, find to the nearest mile, the distance between R and 
S after twp hours . 

3) In triangle ABC, angle C = 78°, side AC = IS feet and side BC = 20 feet. 
Find angle A to the nearest degree. 

4) Two forces of 40 pounds and 30 pounds, respectively, act on a body 
at the same point so that their resultant is a forc^ of 3-8 pounds Find 
to the nearest degrfee , the angle between tjie two original forces, 

5 a) Solve for fin x: 0 1 - sin x =1/2 

b) Find the value of cos 43° 47' to four decima l places. 

JIT 

c) If x is" a positive acute angle and cos x = ng- , find the numerical 
value of sin x. 

iangle ABC, b = 6, c = 10, and m/_ A = 30. Find the area of 
triangle ABC. 



T 6 - i 

c 

e) If, m/_ A = 35, b e 30, and a = 20, then what type of 
triangle, if any, can be constructed? 
1) a right triangle, only 
* 2) two distinpt triangles 

3) one obtuse triangle, only 

4) no triangle ' 
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CHAPTER 7 



THE QUADRATIC. AND OTHER POLYNOMIAL FUNCTIONS 



In this chapter you will work with functions and equations in- 
volving powers of x, for example f:x 2x 3 - 5 and 2x 3 - 5 *,0. 
Most of the content of this chapter will be directed at functions - 
and Equations of second degree, that is, powers of x no greater than 
two. <» 



7.1 Polynomial Functions: Basic Definitions 



A poly 



function is a function of the form 



f :x 



ax 11 .+ bx + cx 



n-1 



,n-2 



+ gx + h, n a natural number. 



- This notation can be read "f is the function which associates with 
each number x, the number ax 11 + bx 11 " 1 + cx n " 2 +-... ^gx + h."* When 
a J 0 this function is named for its highest power of x and \s called 
an n^ degree polynomial function , . Such functions are also expressed 

as equations ~ 
r/ \ n n-1 n-z 

f(x) » ax + bx + cx + ... gx + h. 

The numbers represented by a, b/ c, etc., are called Coefficients. 
The terms are normally written with descending powers of the variable 
• as shown. Polynomial functions arle centimes functions, which means 
their graphs will contain no holes or spaces. The graphs may be ob- 
tained by plotting all (x, f(x)). 



In the case f:x -* x -4, when x = 0 f:x -* -4, this will be written 
f(0) = -4. When x » 2, i(Z) - 0; x = 3, f (3) 5, etc. . I 
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Examples: 

y * 3x^ - 2x 2 + 7x - 9 represents a 5^ degree polynomial 
equation whose coefficients are 3, 0, 0, -2, 7 and -9. 

f :x x 4 - x 3 + 2x 2 + x - 7 is a 4 th degree polynomial func- 
tion whose coefficients are 1, -1, 2, 1, and -7. 



In this exasple 



f(l) - (l) 4 - (1) J + 2(1) 2 -h (1) - 7 = -4 ~ r 
f(2) * (2)* - (2) 3 + 2(2) 2 + 2-7-11 
f (h) = h 4 - h 3 + 2h 2 + h - 7 



Four polynomial factions have special names 



n ».0 
n - 1 
n » 2 
n » 3 



txampl 



es 



f :x a a 4 0 



f :x -*ax + b a J 0 

2 

f :x -»ax +bx+c a f 0 

3 2 

f:x-*ax +bx +cx+d a * 0 



f:x -* linear 

3(x-4) linear 
3 



g:x 
h :x 
h:t 



constant function 
linear function 
quadratic function, 
cubic, function 



-cubic 



100 + 60t - 16t 2 , quadratic 
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Exercises: 

(1 - 5}--yS.tate the degree of each polynomial and lisi_^ts coefficients 
in descending order. 
(1) 



- * 3 

f:x -* 2x - 6x + 4 



<2) 
(3) 



f :x 



3x 
9 



2x' 




X 



7/ 1 - 3 



(4) f:x 

(5) f:x 



x 4 - 5x 2 - 4x + 10 



X - X - 1 

(6) For each exercise 1-5 above, find 

(•) f(0) £b) f(l) . (c) f(-l) 

(e) f(a) (f) f(x+h) (g) f(-x) 



(d) f(f) 



v 7 
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7.2 Grap 



In this section ye will see how the programmable calculator 
jnay assist us in graphing polynomial functions.' 



Given: f:x - 
Graph the function . 
A VP33E program 

• PRGM ' * 

or sto i f . 

' 02 2 
. 03, - 

04 'RCL M . 

05' X 



x"* - 2x^ -5x + 6 



A TI-57 program 
LRN 



06 
Q7 
08 
09 
10 
11 



RCL 1 

X 

6 

+ 



RTN, FIX 1 ' 
keystroke the value of x, 



R/S 



00 


STO 1 


" 01 




■ 02 


2 


4 03 




04 


x - 


05 


RGL 1 


• 06 




07. 


- 5 - 


08 




09 


. X 


10 


,RCL 1 


11 


+ 


* 

13 


6 

— i 


;4 


R/S 


15 " 


RST 



LRN, RST, FIX 1 
keystroke the value of x, 



R7S 



To* understand the program you may want to consider f:x written 

3.2 



x - 2x~ - 5x + 6 

2 



in factored form 

x(x" + 2x -5) -K6 
x (x (x-2) -5) + 6 1 
Starting from the inside parenthesis may clarify the program. 

New we will select appropriate substitutions for x. Use the in- 
terval £-3, 4] with a difference* d ^pf .5 between the x values. 
Find the values of f (x) . , ,0 . \ " J 



2 "« 



, The notation meAn^ values a and b ape included. 

(a, b$ means values a and b are not included. 



t (' 



v 


f 


• o. 




i -2.5 




• -2 




' -1.5 




-1 


* 


-.5 




0. 





.5 

,1 

i.s 

A- 

. 3 
3.5 



f(x) 



Note: A method to increase^ the speed and decrease the effort needed in 
finding the f(x) vali/e^, would be modification^ the program, 
such that- d would automatically be added to each previous x 
value. This involves a loop in the , program. 



Modified Program 
HP-33E 



R 

4 x ^< 



Run "Mode, ' 

programs . 



Modified Pr3kr*tm for 

TI - 57 



01 


STO 2 (d) 


02 


. R/S 


03 


STO |1 (jgf 


04 


. r/s ; 


05^ 


same as 




steps 02 




y to 1 1 in 


i 


original 


15 


R/S . . 


16 


RCL 1 ' 


17 


RCL 2 


18 




19 


' GTO 03 • 




RTN 



FIX 1 
keystroke the v 
of d (stored in 2) 



R/S 



keystroke the value 
of x\(st-ored in 1 ) 



R/S 



R/S 



R/S 



new x displayed 



R/S 







00 


STO 2 (d> 


01 


R/S 


02 


Lbl 1 


"03 


STO L. # (x) 


04 


R/S • 


05"^ 


same as 




01 to 




t 14 in- ^ 




original 


19 J 




20 


RCL 1 ' 


21 


+ 


22 ^ 


RCL 2 


23 




24. 


3TO 1 




LRN, RST • 




• v. 



new f(x) displayed ' 



> 




233 
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Exerciaes 7.2 

Program your calculator and obtain the points necessary to 

graph each function* Sketch each graph using the interval and dif 

i * 

ference d as indicated, 

r * 

Function Interval d 



(i) 


f(x) - 


2 

x - 3x - 10 


[-3. 6] 


.5 




CI— \ _ 

I (x; * 


-X . + J 




.25 


(3) 


f(x) = 


2 

-x + 6x - 8 


[ °> 6 ] 


.25 


(4) 


f(x) = 


2x C - 5x - 12' 


[-2.5, 5 ] 


.5 


(5) 


f(x) - 


„2x 2 --v3x - 7 


[-2, 3] 


' ..25 


(6)' 


f(x) - 


3 

"3 J 


[-2* 2] 


.25 


(74 


' f(x).= 


k - 3^*/3 


[-3, 3] 


.5 


W 


f(x) - 


3i2 
X^+2x - 5x -6 




.5 ' 


» V 


tj 

s - 


« ? 

w 








•t 
* * 


1 

» 


1 





2.* 
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7.3 Graphing The Quadratic , ' 

la this section we will examine the graph of a ^uadrati^c func- J 
tion to determine particular f (x) ^values such that f(x) fc. 

sAiooth curve connecting all points that satisfy a quadratic 
function is called a parabola . /Every patibola has * vertex or turning 
point . This point, depending cm the parabola is either, the maximum \ 
(highest) or Minimum (lowest) point of the parabola, *Th* parabola has 
symmetry about a line that passes through, the vertex. It is easy to 
see that if the parabola was folded about thris line* (qglled^he ' axis of 
symmetry) , its two halves would coincide. This axis of 'symmetry" is the 
perpendicular bisector of any line segment joining two points of the 
parabola having the same f(x) values." 



Given: k » 180x - 16x . 

(a) For whart value of, x is k a maximum? 

(b) For what values of x is k - 0? 

(c) For what values of x is k 200? 

(d) _Eor what values of x i^'lc = 464? 



To answer these questions we will graph 



f(x) - 180x - 16x' 



Begin by using the interval £-1, 12^ , d « 1, 
should be obtained when using the calculator. 



The following points 
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The maximum value for f(x) seems to be located between 5 and 6. Be- 
ginning at 5.1 with d » .05 yields the following information. 



X 


f(x) 

> 


X 


f(x) 




5.1 


501.84 


5.45 


505.76 




5.15 


502.64 


5.5 


506 




5.2 


503.36- 


5.55 


■506.16^ 




5.25 


504 


5.6 


506.24«*n 


) 


5.3 


504.56 


5.65 


506. 24V J 




5.35 


•505.04 


5.7 


506. 16*- 1 


1 f(x) is 


5.4 


505.44 


5.75 


405 


\ decreasing 



Our maximum value for x seems to lie halfway between 5.6 and 
5.65, but we must be careful because of rounding off to two; decimal 
places. Fixing our calculator <b read 5 decimal places and lettipg 



.01 gives us " 


> 


X 




5.61 


506.24640 


5.62 


506.24960 


5.63 


, 506.24960 


5.64 


506.24640 



Our maximum once again seems to be halfway between 5.62 and 5.63 which 
is 5.625. 



Using d » .001 
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X 


f(x) 


5.621 


506.24974 


5.622 


506.24986 


5.623 


506.24994 ^ 


5.624 


506.24998 <0 


5.625. 


506.25 .(max)) 


5.626 


506. 24998 *<y 


5.627 


506. 24994 







7. 3 - 4 



The maximum value for f(x) is obtained when x = 5.625. Therefore 
(5.625, 506.25) is the turning point or maximum in this case, 



/ 



The solution to (a) is therefore 5.625 because no other value 
of x will yield a larger value fbr k, which is equal to f (x) . 



ERIC 




b). If k * 0, then the solution to the problem will be 

d by replacing f(x) in the equation f(x) = 180x - 16x 2 with 0. 

I 

180x - 16x 2 = Q 

This clearly occurs from the graph when x = 0 and a second value of 
x between 11 and 12, (near 11.2). Using the calculator we_may obtaiA 
the exact value, a 



X 


f(x) 


11.21 


7.1744 


11.22 ■ 


5.3856 


11.23 


3% 5936 


11.24 


1.7984 


11^25 . 


0 



Solutions 



0 and 11.25 



- Hovever since 0 was 5.625 units to the left of the axis of 
sytmetry, the. second solution could have been obtained* by moving 
5.625 units to the right of the axis of Syranetry. 

5.625 + 5.625 = 11.25 



/ 



(t) 180x - 16x = 200 ' /' 

By drawing the horizontal line f(x) = 200, wtf may estimate 
our solutions. However, we know from graphing that one value that' 
satisfies this equation is 10. This value is 4.375 units to the right 

of the axis of symmetry. Therefore the second solution is 5.625 - 4.375 

s 

ojf 1.25 

(d) 180x - 16x 2 = 464 

x = 4 (5.625 - 1.625) 
or 

x - 7.25 (5.625 + 1^625) * 



Exercises 7.3 

i 

(1 - 10) For each of the following functions graph the function and 

(a) Find its zeros (estimate to the nearest tenth if necessary), and 

2 

(b) Find the minimum or maximum. value of k in k = ax + bx + c such 

* 

th$t there will be real solutions to the equation. 

(1) f(x) = x 2 + 2x * 

(2) f(x) = x 2 - 2x -3 

(3) ' f (x) = 4x 2 + if* - 63 

(4) f(x) = 2x 2 + 5x - 3 

(5) f(x) = -x 2 - 

/ 

(6) f(x) = -x 2 - 2x - 1 / 

(7) f (x) = -x 2 + x + 5 

(8) '■ f(x) = -x 2 + 4x 

(9) f(x) =» x 2 - 2x - 2 

2 

(10) f(x) = 2x - 5x + 1 

(11) You are supplied with 100' of fencing material and you desire to 
enclose a rectangular area -usang an existing wall as one of the 
four sides. What is the largest area you will be able to enclose? 
Hint: Draw a diagram and label the' three sides that will be fenced 
in terms of x. Using the formula for area (k) of a rectangle, graph 

the resulting quadratic and fipd the maximum k. 

(12) If the height above the ground of an object thrown into the air ' 
is given by h = 100 + 128t - 16t 2 , find the maximum height attained. 

(13) . Two numbers have a .sum of 18. Find the numbers such thar thftir ^~ 
product is a maximum. * 1 

(14) Two numbers hav$_a sum of 20. "^Find the least value that the 

*. 

sum of theijr squares can attain. 



/ 
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7.4 The Roles of a, b', and 



In this section discussion will include the role of the coefficients 

of the quadratic function f : x ax 2 + bx + c , and the rewriting of quad- 

ratic expressions by completing the square, 

• The role of the coefficient a. If b = 0 and c = 0, w* Will 

* 2 

sketch the graph of the equation y = ax for the following values of 




MS 



Not 



r 

ice that 



when a > 0, the curve opens upward*. As 3 remains posi- 



tive but decreases the curve tends to flatten out.. When a < 0, the curve 
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' 4 

opens downward and is a reflection of the graphs with the corresponding 
positive value of a. If a> 0 the turning point is a minimum. If 
a < 0 the turning point is a maximum. 

- v 

• The role of the coefficients b and c. If b = 0 or c = 0, 

bixt not both. The parabpla's position varies with respect to the two 

2 

axes. Let b - 0 and a = 1. Graph y = x + c for the following values 
of c; -3, -1, 0, 1, 3, 




All of. the above^a^abolas have the line x = 0 for their axis of 
symmetry but the curves will be shifted vertically depending on the 
value of c. 



244 



* 7.4 



If c > 0, there is a vertical shift upward* of c units 
if c < 0, there is a downward shift of -c un^ts 

In general y * ax 2 + c.ls obtained by shifting the graph of 
2 

y ■ ax up or down 1 c| units. 
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In Elementary Algebra when the topic of factoring was encountered, 
you were introduced to special types of trinomials that when factored 
had two equal factors, * 

Examples: x + 6x + 9 * (x + 3) (x + 3) or (x + 3) 

- 4c + 4 » (c - 2) (c - 2) or (c-2) z 

4m 2 + 20* + 25'= (2m +' 5)(2m%^5) or (2m <+ 5) 2 

2 "2 2 - 

P + 2pq + q = (p + q) (p + q ) or (p + q) 

2 2 ^2 

p - 2pq + q - (p - q) ( p - q) N^r^ (p - q) 

For obvidus reasons this type of trinomial is called /a perfect 
square trinomial . At times it is advantageous to have a trinomial that 

r 

is a perfect square. This can be accomplished by adding a particular 

2 

constant to ax + bx in order to form a trinomial square* This con- 
b 2 

stant is . 

ax + bx + — can be rewritten 
4a 

a( x 2 + | x + 1. 2 ) or .(x + Jl ) 2 

J 

By this method of completing the square, any expression 

2 - ' • o 

ax + bx + c can be written in the form a(x - h) + k. 



2 if, 



Examples: 

2 ~ h 2 

(a) Given: - lOx + 7 , a « 1, b * -10, therefore _ = 25. 

4a 

HovevW, if 25 ir added to the expression 15 must also be subtrac* 
ted in order not to. change the value of the original?. 
x 2 - lOx +'(25) + J - (25) 
(x - 5) 2 - .18 
therefore h ■ 5 and k * -18 

2 b 2 

(b) 2x + 8x - 5, 5 — - 8 

4a 

2x 2 + 8x + (8) - 5 - (8) 
2(x 2 + 4x + 4) - 13 



2(x + 2) 2 - 13; h = -2," k - -13 



(c) What do h and k represent? 



\ 



Complete the square on the function f(x) - x + x - 6, .which 

was graphed in section 7.3, b - 1, a » 1, * -r 

* 4a 4 

2 l l * • ^ 

f(x y - x % + x + (£) - 6 - 

f(x) » (x + |) 2 -'6.25 . <^ 



^ k « -6.25 



Recall that the turning point of the parabola was (-- -i, -6.25), 

and the equation of its. axis of symnetry the line x = - - . There- 

2 

fore (h , k) , at least in this example seems, to be the turning point 
and x * h, the vertical axis of symmetry. In section 7.6 we will prove 
this assumption. ^ 

1 2 

* We will now graph y * a(x - h) + c, for a = 1, c = 0, and the 

following values for h; -4, -I, 0, 2, 3.o a 




A 



-4 
-l' 
' 0 

* 

2 
3 



Equation 



(« - (-4))' 

y «' (x - (-1))' 

2 



2 - 



(x - 0)' 



(x 



2)' 



* 2 
y = (x - 3) 



Summary: 



Coordinates of thej[| 
Turning Point / 



Axis of syrnmetry 



(-4, a) 
X-i, 0) 

(0*. 0) 
(2, 0) # 
(3, 0) 



x = '-4 

x = 0 
x = 2 
x = 3 



y - a - h) differs from y = ax only in that' y = a(-K - h) 
has been moved jh | units^ko the right when h > 0 and |hj: units, to the 
t "Wi left when h <. 0. In the -examples h always" represents the .first cooi*dj*na±< 



of the turning point 



ond coordinate can be obtained by replacing 



x wit^ h in the -equation y « a(x - h) . x = h is also >fce equation of 



the axjLs of symmetry. 



9 
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F»**ftm: Given y « -2x 2 -4x + 1, find the highest point of the 
'parabola without graphing. 



Since 



a< (V tHe parabolS opens downward and has a maximum at the 



turning point, 




j 

a = -2, b = -4. • Therefore — = M = _ 2 

4a -8 

tt 

By completing the square , * ^ 

r 

2 

y » -2x - 4x + (-2) + 1 - (-2) 

2 

y = -2x -4x - 2+ 
y ■ -2(x 2 + 2x + 1) + 3~ 

y = -2(x + l) 2 + 3 h » -1, k = 3 

The vettical axis symmetry is x = -1 and the turning point it 

> % _ ✓ 

(-1, 3) which is the solution to the problem. 



Exercises 7.4 • 
^£ Without graphing, find the equatio^ of the axis of symmetry and 
- the turning point of each of the following parabolas: m ~* 



' (1) 


y = 


,(x - 6) 2 + 5 


(2) 


y. - 


(x - 3) 2 - 4. 


(3) 


y - 


(x + 5) 2 


(4) 




(x + 2*) 2 - 1 


(5) 


y =-»_x 2 + 3x + 9 


(6) 


_y = 


2 

x - y*x + 49 1 1 


. (7) 




x 2 - 3x + 2.25 


V) 


(y - 


x 2 + 5x + 6f^5 


* (9) 


■ y - 


2 

4x + 12x + 9 


(10) 


y - 


9x 2 + 30x + 25 



7.4-7 



/I 1 \ 

(11) 


y 




x - ox - 8 


(12) 


7 


S 


x - 2x <¥ 3 


(13) 


. y 




2 

x - x - 3 


(14) 


7 


S» 


2' 

x + 3x - 9 


(15) 


• . 7 




2x^ - 6x + 2 


(16) 


7 


SB 


2 

2x + 4x + 3 


(17) 


7 




2 

2x + 7x - 3 


(18) 


7 




2 

3x - 5x - 2 


(19) 


7 




-3x 2 + 12^ + 11 


(20) 


7 




„ 2 

-3x + 6x + 2 


(ZD 


7 




2 

-2x + 3x + 1 


(2?) 


7 




-2x 2 - 5x + 2 


(23) 


2 

. » Given y = ax + bx + 




Find 


the equation of 



(24) 



4a 



Given: y =« ax + bx + c 

Find the coordinates of the turning point in terms of a, -b and 



Ss 




7.5 1 



\ 



i * 
7 . 5 Solving Quadratic Equations Algebraically, 

,4 

•In tbis section the zeros of a quadratic function will be found 
algebraically, using the methods of factoring, completing the square 
and the quadratic* formula. 

X $ 2 

In section 7.3, by using the graphs of the pacabora f(x) —ax + bx + c 

and the horizontal line f(x) = k we ^ere able to solve the equation 

ax + bx + c * It. When k = 0, the solution is obtained by locating the 

point (s) of intersection (if any) of the parabola and the x axis. These 

2 

first coordinates are**lso called roots of the equation ax + bx + c = 0. 

# 

An algebraic method that avoids graphing would be to factor the 
quadratic equation, if possible, and apply the principle that if the pro- 
duct of factors equals zero, one of the factors equals zefo» 



If p * q =*' 0, then p = 0 or q = 0. i 
i ! 



Examples: . Find the zeros of the following quadratic functions witji- 
* out graphing. 

2 

(a) . f(x) » x - 6x 

(b) f(x) = x 2 - 49 * 1 

(c) f (x) *» x 2 - 6x + 9 

* 2 

(d) f f(x) » * - 3x - 4, 

(e) f(x) = -x 2 - 4x + 1 - 



9 
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Solutions: To find the zeros of a function, then f(x) =0 

(a) x* 2 - 6x » 0 (b) x 2 - 49 = 0 

x(x - 6) = 0 . (x - 7)(x+ 7) - 0 

applying the principle x-7 3 0orx + 7,F0 

x 3 0 or x - 6 3 0 x = 7 or x = -7 
x > 0 or x = 6 



2 * 

(c) x + 6x + 9 ■ 0 a perfect square trinomial 

(x + 3) (x + 3) =0 

x = -ji only one solution. The original function 

is tangent^to the x axis, 

(d) x 2 - 3x - 4 - 0 (e) -x 2 - 4x + 1 * 0 
(x - 4)(x + 1) = 0 x 2 + 4x - 1 = 0 
x - 4 2 0 or x + 1 = 0 not factorable, 

x - 4 or x = -1 



Because not; all quadratic equations are factorable, we may solve the 
above equation by completing the square (section 7.4)* We will also 
'use the t following principles: 

(i) \ If x 2 = k, then | x{ - \JT 
and 

(ii) if | x | ■ m, m > 0, then x = m or x - -m 

Example : (i) If x = 9, then |x| » l/T or | x| * 3 
(ii) If |x| =7, then x » 7 or x = -7 



X 
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Now we will solve this equation 1 



x + 4x - 1 « 0 ■ s a = 



l, b-4; -5- 
4a 



completing the square - ;/ 

^ 2 + 4x + (4) T- (4) = 0 
2 

x +4x+4-5*0'\ 
(x + 2) 2 = 5 
jx*+ / 2j » ifT 

x + 2 » |/T" or. x + 2 = - iff 
x = -2 + \JT or x - -2 - tfT 



using (i) 
using (ii) 
solution in radical £f>rx\/*\^ 



The two roots are irrational t 
\fT = 2.2361 * * ' 

Therefore x * -2 + 2.2361 o,r x = -2 - 2.236 1 

• • ~ & 

x = + .2361 or x ■ -4.2361 solutions in decimal form 

Explanation: = means *equalg^ the value to the number of decimal places 
specified. This is not an exact value. Checking the solutions in 
the original equation will not be precise. 
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If we attemptfed to solve the original function f(x) = -x -4x + 1, 
by graphing, the zeros could only *at best be approximated to the nearest 
tenth. See graph. 




----- 

^ ^ 
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i 

• We will now solve in general any quadratic equation by completing 
the square. 



Given: ax, + bx + c - 0. Find the roots of the equati 

ax + bx+(-2_) + c -(£-) = 0 
4a- 



on , 



fro© (i) 



4a 



, 3 4a 2 4a 



a(x+ f ) 2 
2a 



4a 



b 4 -4ac 
4a 

b 2 -4ac 
7? 



x + 



2a 



"I 



r-^ — 

b - 4ac 



4a' 



from (ii) 



2a 



1 



b 2 - 4ac 



4a' 



lb ' b 2 - 4ac 
2a + 2a 



or x + I- » - 1 b - , 4ac 
. |J 4a Z 



2a 



or x = 



b 2 -4ac 



2a 



2a 



IF 

2a 



-b + \i b -4ac 



/* or x = 



b - \J b -4ac 



2a 



When a, b, c represent the coefficients, in descending order/ 

You are encouraged to remember this Quadratic Formula in order to 
to conserve effort when solving second degree equations. 

We will now solve' the equations in examples c, d and e using 
this fohnuia. 4 
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2 

(c) x + 6x + 9 « 0 

a ■ 1, b » 6, c » 9 

* b 2 - ^ac - 36 - 4(1) (9) =- 0 

-6 + \To -6 -\fo 

since JTT = 0 
x = -3 or x = -3 



• (d) x 2 - 3x - 4 = 0 



a=l,b=-3, c=-4 

b 2 - 4ac » 9 - 4(1) (-4) = 9 -(-16) = 25 



x . - (-3) + J25 „ . - (-3) - J25 
2(1) 2(1) 

3 + 5 3 - 5 

x = or x = — - — 

2 2 

x = 4 or x = -1 



(e) -x 2 - 4x + 1 - 0 

a - -1, b » -4, c - 1 

b 2 - 4ac - 16 - 4(-l)(l) - 16 - (-4) = 20 

♦ - (-4) + JT0~ - (-4) - J7q~ 

X = 2 (-1) or x - 2 

4 + \p20~ 4 - lT20" 

x = — — or x - — ^2 



Since" ^20~= JT^ - ' |/T - 2 iTT 
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* 



b^ - 4ac is the expression underneath the radical. This expression is 
called the discriminant of the equation. Its value can be very useful 
in determining information concerning the roots of an equation and the 
relative position of the graph of a function. (See exercises 2-^.) 



7. 5 - 6' 



' o 2 

! If a - b, then & l =■ b 



4 + 2 JT 4 - 2 l/T 

x - or x « t-"— 

-2 *2 

x - -2 - JT ' or x - -2 + JT 



This squaring principle, along with methods of solving quadratic 
equati/ons algebraically may be utilized in solving radical equations. 

Examples: 

(f) Solve f6r x: \Jx - 2 + 2 = x 

It will be easier if we isolate the radical expression 

before applying the principle 

Thus Ux - 2 - x - 2 ^ 
2 _2 



and 



(\JT^2)^ - (x - T) 1 ( 



x-2 = x^-4x + 4 
x 2 - 5x + 6 = 0 
x ■ 3 or x = 2 
both value* check in the or^g^nal equation. 

Og}l Solve for x: l)2x + 3 - x - 0 

\[2x + 3 = x 

(\J2x + 3) 2 « (x) 2 
2 

2x + 3. * x 
x 2 - 2x - 3 = 0 
(x - 3) (x + 1) = 0 
' x = 3 or x = -1 

0" 



I 



t 
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When we check, the value x ■ -1 we have 
\)2(-l) + 3 -(-1) 
+ 1 
+ 1 
+ 1 
2 

does not check. Why not? 



\|-2 + 3 
1 



Since the converse of the squaring principle is n,ot always true 

2 2 < 

i.e. (-2) = (2) but -2 4 2 ^ 

a solution to the equation formed by squaring both sides is not always 

a solution to the original equation. If this occurs as in (g) above, 

the obtained root is called an extraneous root and is rejected. Thus 

the solution to (g) is only x ■ 3. „ 



V 
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Exercises 7.5 

(1) Why can the quadratic formula be consolidated to re&d 

-b t \)b 2 - 4ac . - „ 
x = K ? 



2a 



(2y Refet to the solutions of examples c, d and e using the quadratic 



formula method^ 

2 

In problem (c) j, b - 4ac ■ 0 

2 

In problem (d) and (e) ; b' - 4*c > 0 
What conclusions may be obtained by comparing the value of the 
discriminant and the roots of the equation? 
(3) Without graphing, what conclusions may be made concerning a functions 
relationship to the x axis, if the discriminant of this function is 



negative? 



7. 5 -,8 • 

(4) What conclusions concerning the roots of an equation may be stated 
if .the discriminant of the equation is positive and 

f a) a perfect* square? 

J b) not a perfect square? 

» 

(5) Complete the following chart (assume a, b and c, rational) 



Discriminant 


Roots of the Equation 
ax **>^bx + c = 0 


Graph ^f the function 
y - ax + bx + c in 
reljation to 1c axis 


If b 2 - 4#c = 0 

fftL 






If b 2 - Wc < 0 






1 If b 2 - 4ac > 0 

and a perfect square 






If b 2 - 4ac > 0 

not a perfect square 


* 


/ 

Wtite the discriminant of the equation nx 2 + px + q = 0, 



(7) If the graph of the equation y = x - 6x + k is tangent to the 
x-axis, find the value of k. 

(8) .What are the possible values for }c in the equation y = 9x 2 + kx + "l 
if the parabola intersects the x axis at two distinct points? 

(9) What &e the possible values for k in the equation y = x 2 - 3x 4- k 
if the parabola does not intersect the x a^is? 



25 / 



0 
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Problems (10* - 21) Solve the quadratic equations by using the quad- 



ratic 


formula. If the roots are 

j 


irrational , 


the nearest tenth. 




(10) 


8x 2 - 6x + 1 = 0 
I 


/ 


(11) 


2x 2 - 5x - 3 « 0 




(12) 


-^x? + 5x + 4 = 0 




(13) 


• -7x 2 - 4x + 3 = 0 




(14) 


9x 2 = -30x - 25 




(15) ' 


16x + 8x = -1 




(16) 


4x 2 + 5x - 3 = 0 




(17) 


2x 2 - 8x + 1 = 0 


• 


(18) 


x 2 - lOx = -15 




(19) 


3x 2 - 2 = 3x 




(20) 


• 5 , + x ; 1 - 2 




x + 1 , 4 




•f21) 


-3x = 5 + - 

X 





Problems (22 - 28) Solve the following quadratic equations for the 
trigonometric function indicated. Then find all the angles in the interval 
[-0°, «360°J that would satisfy the equation. When necessary estimate the 
angles to the nearest ten minutes. 

(22) 2 sin 2 ©- - l/T sin©-' « 0 

(23) 2 cos 2 ©- - 3 cos©- -2 = 0 

(24) 3 tan 2 ©- + tan ©- - 4 =■ 0 

(25) 5 (1 - 2 sin 2 ©-) + 7' sin©- +1 = 0 

f 

(26) tan 2 ©- + 2 tan ©- = 4 



(27) 4 cos 2 ©- = 2 + cos ©- 2. 

(28) 2 tan 2 ©- = 5 tan ©- + 1 
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(29) Trace the following HP 33 profram and write the results obtained 
at step 18 and the end. 



01 
• 02 
03 
OA 
05 



.(b) 




(c) 


CHS - 


11 


RCL 0 


ENTER 


12 • 


f 


2 


13 






14 


f iTx" 


R/S 


15 


STO 2 


(a) 


16 


RCL 1 


STO 0 


17 


+ • 




18 


R/S 


STO 1 


19 


RCL 1 


g * 


20 


RCL 2 


R/S 


21 





06 
07 

08 
09 
10 



(30) By using the stack instead of the storage, see if you ^re able 
to shorten th^ program in 29. 

(31) If an error signal appeared in -step 14 of the progAm in 29, 

what conclusions could be made? ' 

Solve each of the following equations for x. 

V 



(32) \Jx - 2 = 3 
(33) 



(34) 
(35) 



\Jx - 


2 


\Jx - 


2 


Jx - 


2 = 


\Jx - 


2 = 



(36) \jl2 + x = x 

(37) 2x = 5 +\)2x + .1 
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7 - 6 Equations for the axis of symmetry, sum and product of roots . 

In this section, using the coefficients of . the quadratic, we 
will write equations for the axis of syron^try as well as the sum and 
product of the roots. 



Study riie graph of the parabola whose equation is f(x) = ax +bx + c, 

By selecting any two 

points A(x^, yp and 

B Cx. , y ) on the 
2 2 

curve having the same 
2nd coordinate, k, 
we may find their first 
coordinates by using 
the quadratic fornnila. 




k * ax + bx + c 

2 

0 »= ax + bx + (c - k) 
„ _ -b + \Jb 2 - 4a(c - k) ' 



2a 



or x - 



1 

Mb' - 4a(c - k) 

2a 
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Point A: 



-b 4a(c^Jkj 4 A 



2a 



" Point B: ^V^, 

f-h + \)b 2 -4a( < 



Sinc^by definition the axis of symmetry is the perpendicular: 
bisector of any segment connecting two points of the parabola with the 
same second coordinates, we way find the coordinates of point M by 



using the midpoint formula. 



Point M: 



/ 



X l + x 2 



y i f y 2 



x l + x 2 " 



, 2a 



-b -f \}^ - 4a(c - k) 
2a 



J -b -\)b 2 - 4a(c - k) - b + jb^ - 4a (c- - ~k) 



2a 



*> 2a 



X "t* X 

A Therefore 1 2 * 



Poiitf M: 



•b 

2a 



and clearlv ^1 ^2 



Since the axis of symmetry is" vertical, its equation is : x = — 

• ! " 2a 



^ampler -Find th£ equation of the axis of symmetry for the function 



y =» yC + x - 6 * 



26 



01 



t 



J 
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a - 1, b » 1 . therefore 



2a 



x = "J" is thejrtSquired equation* 



Referring back 'to gra{>h once again 



ii we had selected points A and 5 on the,x axis, the resulting 



first coordinates for A and 5 would have been 



b • 4ac 



2a 



and x A ■ 

2 



2a 

2 .. 



, V - 4ac> 0 



which represent the two 'roots of the equation* ax + bx + c ■ 0. 

: 4 

which is the sum of these roots 



Now ; x- + x^ ■ — 

; 1 2 a 



r 



and x_ • * 

1 2 



\ 



75 — - — \ ( n — 

b~ - 4ac ) / -b +\)b~ - 4ac j 
2a J { 2a J 



or 




(-b - \jb Z - 4ae)(-b + \ib 2 - 4ac) . * 



4a' 



2 2 

Lng the property (p - q) (p + q) = p N - q 



(-b\ 2 -f\)b 2 - 4ac) 2 



4a 2 .. 



(b - 4ac) 



4a 



4Ac 
4a 2 



, X l 2 .a 



which is t;he product of the 
m roots. . 



\We / jray apply the concept of the ' suin^and product of the-t^t 



to write quadratic equations, 



5 

A' 
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Example: If the roots of an equation 



are 



write 



the proper qdadratic equation with these roots. 



Solution: Since the sum of the roots is 



-2 + t/T 

2 , 



/ 



•2 - JT 

2 



2 



-b 

then - ~ = -2 
a 



and since the product of the roots is 



( 



ll±fL\ f '2 - llT \_ (-2) 2 - (\JT) : 



then - 

a 



1 
4 



The equation ax + bx + c = 0 may be wrltte 



.1 

"4 




or 



- x 2 - (-*^)x + (-) - 0 
a i 



the sum of roots _pr^d u^t of^oots 
Therefore by substitution the proper equation is 



x 2 - (-2)x + (- I ) = 0 



or 

x 2 '+2x-I=0 # 
4 

or 



4x + 8x - 1=0 



If we investigate the inverse of a quadratic fynction 



y * ax + bx + c we hav^an equation of the type 

ay 2 + by + c 




7. 6 - 5 



)la cj>< 



a > 0, parabola o|>ens to the right 
a < 0, parabola opens to the left 

These graphs are not functions and they have a horizontal axis of 
symrmetVy, 

If we regeat the development at the beginning of this section 
we would find the equation of the of symmetry to be 



7 2a 



Example: Kind the equation of the axis of symmetry for the parabola 

* 2 

* ■ y + y - 6 . 



since a « 1 and b = 1 



1 



y = - — is the equation. 
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> 
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(1) Find the sum and product of the roots of the following equations 



(a5 x - 8x + 12 



(b) ai + 6m - 4 



(c) c * 6c + 16 



(d) 3x (x-1) =\1 



(2) Given the quadratic equation x*" + px + q = 0. What is the value 



)f p if the roots of the equation are 3 + iJT and 3 - iJT 



(3) j Write the equation with integral coefficients such that the sum of 

I ' 1 4 ' 

r \ the roots is ~ and the product of the roots is - — . 

\ \ 

(4) ' Wyite the* quadratic equation such that the sum and product of the 

roots are 4 and -5 respectively. 2 

(5) f One root of x 2 + px + 8 * 0 is -4. Find the^alue of p.* 

2 \ 

(6) One root of the equation x - 7x + c = 0 is 5. \Find i the other root; 

2 V \ * 

(7) If the roots of tftt^ equation ax + bx V c ■ 0 are\opposites , find 



the value of b. 



20-1 
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(8) The sum of the roots of the equation ax + 6x - 8 = 0 is 12, 
Find the value of a,- 

• t 

(9) If the roots of the equation x ,+ I2x + c = 0 are equal, find 

the value of c. . r — S 

" \ 2 

(10) The sum of the roots of the equatj^tJn x - bx + 7 * 0 is 3, 

Find the value of b. ' 

(11) Compare the sum of the roots to the product of the roots for the 

2 

equation x - px + p = 0. 

(12) If the coordinates of the vertex of a parabola is (-1, -5) and 
the axis of symmetry passes through the point (5, -5), find 
the equation of the axis of symmetry. 

(13) One root of the equation x 2 = bx + 12 = 0 is three times the 
second. Find ^two possible values for b\ 

(14) ' Write the equations whose roots are given 

- (a) -3 and | , ^ 

(b) 2.JT and -2 JT • 1 

fc) - I + \JT and - | - JT 0 

<8) -"5 and I 
7 7 

(15) Given the equation -x - 4x + 1 - 0. Check fey using the sum 
and product of the roots to determine if -2 + JT" and -2 - \fs 
th^ proper roots to the equation. 

(16*) Write the equation of the axis of symmetry for each of the fol- 
lowing parabolas. Also find the coordinates of the vertex. 
» x 2 - 2x - 3 



are 




2 + 6x - 7 < 



-x + 6x 
-x 2 + 8x - 16 
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♦(d) x - y - 16 

(e) x * 2y 2 + 5y + 3 

(f) x » y 2 - 5y + 4 

2 

(g) y » ax + by + c 

2 

(h) x * ay + by + c 



/ 
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7.7 Inequalities 



In this section we will discuss how the graphs bf quacfratic 
functions assist us in solving inequalities of the type ax 2 + bx + c, ± 0. 
We will also sketch grafts where y £ ax 2 + bx + c. 

2 

Consider the parabola^ f(x) * x + 4x + 3. We will refer to the 
points of inters'ectT^^^th^ parabola and the x axis as cut points . 
Remember the x values of these cut points are the zeros of the function. 

The two cut points are (-3, 0) 
and (-1, 0); these two points 
separate the x axis into three 
intervals where the second co- 
ordinate; f(x) is either greater 
than or less than zero. 

Notice, when x < -3, f(x) > 0 
when x > -1, f(x) > 0 
when -3 < x < f (*) < 0. 

This information will enable us 
to solve problems involving this 
' equation and any of the follow- 
ing symbols > , < , < . 




Examples: Solve the following inequalities 
(a) 



(b) 



x 2 + 4x + 3 > 0* 



x + 4x + 3 > 0 
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(c) . x 2 + 4x +, 3 < 0 

(d) x 2 + 4x + 3 < 0 



Solutions: 

(a) Since f(x) * x~ + 4x + 3 for all points of the parabola, 
we are looking for all x such that f(x) > 0. This occurs when 

x > -1 or x < -3. 

(b) The cut points are included with the solution to (a) 

x > -1 or x < -3. ^ 

(c) For all points between the cut points we see f(x) < 0, 

4 S 

Therefore the solution is -3 < x < -1. 
t 

(d) -3 £ x < -1 , # 

There are only three possible cases in determining cut points for 
a parabola and the x axis. 



(1) No cut pointfs such as (^hj 



2 2 
y « x + 8x + 17 or y = (x + 4) +1 



(2) One cut point such as 

2 v 2 

y - -x - 16x - 64 or y » -(x + NJ) 
i 

(3) Two cut points such as 

2 

y » -x + 2x or y =* -x(x - .2) 



\ 



2* J 



\ 
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0, 



For 

there are no 
values for x 
such that y < 0. 

In fT. , all 
x except at the 
cut point (-8,0) 
we find y < 0. 

In (c , if 
-x 2 + 2 > 0, 
then 0 < x < 2; 
etc. 

See exercises 



Ac times you may not be as concerned with Che cut points but desire 
to compare the relationship between the coordinates. 

It is obvious for example' in C , at which coordinates 



y - -x + 2x (all points on the parabola) and therefore where 

' 2 V . * 1 

y r -x + 2x (all points not on the parabola). However to locate all 

points where, say y > -2x + 2x requires" a testing of points not on the 

parabola. 



erJc 
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The parabola a<tfts as a borderline in solving inequalities 
of this type. A point not on the borderline (parabola) should be 
selected. If the parabola does not contain the origin^ the origin 
would be an excellent choice. 1 ^ . 

6 

Substituting the coordinates of the selected point in the in- 
equality will lead to a true or false statement, and thus .clearly indi- 
cate if the point selected was in the correct vicinity or if it was not 
on the cortect side of the border. 



Example: Graph the inequality y > x + 4x + 3 




The Rraoh of v = x + 4x + 3 hac alrca^v b»*r oir**^.^ ^ o - r * - *. - 
on the parabola do not satisfy the inequality. Therefore draw the para- 

■* 

bola as a dotted line . Selecting the point (0, 0) and substituting in 

i 

the inequality we obtain a false statement 0 > 0 + 4(0) + 3 

<^ ' 0 > 3 

Therefore the origin (0, 0) should not be in the graph of the inequality. 

The solution set can now be obtained by shading all pointy on the opposite 

side of the border from where the origin was located. 



V 
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If the problem was. to grap* y > x 2 + 4x ^3, the points on 
the parabpla would be included and therefore a 'solid line^would be 
sketched, 

Exercises 7.7 

following^^nequalities . 

-x 2 + 2x > 0 v 



x + 8x + 17 > 0 

2 . 
-x - 16x - 64 > 0 

2 



(2) 
(3) 

(4) -x' + 2x < 0, 

(5- ) Sketch" the graph of the inequality listed and (a) list 0ne 
point that satisfies the inequality^) list on « point that 



satisfy the inequality. 

1 



(5) 



y > x * 8x + 17 



y < -x + 2x 



N 



IndlcJt. a ,l th , t satlsfy both inequ41UUs slmultaneousl , ; 
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Chapter 7 TEST 



2 

1) One root of the equation 3x - 10x + k = 0 is 1/3. Find the 



2) 



value of k. 



— 5 \ 

The equation x + , x + 3 = 3x has: 



(1) both +1 and -1 as its roots 

(2) +1 as itsJonly root 

(3) -1 -as its only root v 

(4) neither +1 nor -1 as its roots 

3) In the equation x - 12x + k = 0, the sum of the roots exceeds the 

product o{ the roots by 2. The value of k is 

\ 

(1) ' -(10 (2) 10 (3) -14 (4/) 14 

4) It is required that. the roots of the equation 2x^ + kx + 4 = 0 be 
real numbers*? A value of k which will satisfy this requirement is 

(1) 0 (2) 6 (3) .4 (4) 4 

2 

5) A value of x which satisfies the equation sin x - 4 sin x + 3 - 0 is 

(1) -72 (2) * (3) 3^ II (4) 2 i 



— z 

6) The equation x ^ 6x + 4 = 0 has 

(1) 8 and -2 as its roots (2) 8 as its only root 

(3) -2 as its only root I (4) no roots 

7) Find the positive value of k such that fee following equation will 

x 2 
have equal roots: x ,+ kx + 1 = 0 

8) Find the valine of x greater than 90° and less than 180° which 

2 

satisfies the equation 2 sin x - w 3 sin x * 0 



2 7 
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9) 



10) 



12) 



13) 



The sum and product of the 'roots. of a quadratic equaTton^are -5 

f * » . • 

and 4, respectively. An equation satisfying these conditions is 

* x 2 - 5x - 4 = 0 

(2) x 2 - 4x - 5 = 0 

(3) x 2 + 5x + 4 = 0 

(4) x 2 + 4x + 5 - 0 

i 

What is an equation of the axis of symmetry of the graph of 




y = 2x - x - 5 ? 



(1) x = 1/4 (2) x = 4 (3) y = 1/4 (4) y = 4 

a) Find the the nearest tenth the roots of the equation 3x 2 - 4x - 2 = 0. 



b) If, in part a, x = cos tr f determine the quadrantfs) in which 
angle ^ lies. 

*) In the following equation, solve for tan x to the nearest tenth 



tan x + 2 tan x = 4 

b) Using the results obtained in part a), find to the nearest degree 

J 

the value of x in the second quadrant for which tan 2 x+2 tan x = 4. 

a) Draw the graph of tf^ equation y = x 2 - 2x - 2 * 

b) Using the graph made in answer to part a, estimate to the nearest 
tenth the values of x which satisfy the equation x 2 - 2x - 2 = 0 

c) . Using the graph made in answer to part a), find^the minimum 

value of k for which the roots of the equatipn x 2 -2x -2 = k are real. 
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T 7 - 3 • 

/ 



2 

Graph j(x, y) f y < 4 - x and y> 2x + 1 on the same 
set of axes and indicate the solution set. 

From the graph drawn in par^r^ find the coordinates of 
a poixrt in,the solution set of (x, y) y c 4 - x^ andT^ 
y > 2x + 1 • 
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* 

CHAPTER "8 'SEQUENCES AND SERIES 



' * 
Until now you have utilized only a small fraction: of the power 



>of your calculator. thj^s chapter you will extend that power in important 
ways. Most important you will use the* calculator as a decision-maker. 
This is^the calculator function that leads some people to humanize ca^cu- 
lators as J, machines that think "; you will see, however, that the Chinking 
will be yours, the programmer 

At the same time you will stud^ lists o( numbers called sequences 
and develop some important ideas that relate to two special kinds of s^ji-* 
enc^s, those called Arithmetic and geortietric. 



8. 1 What are sequences 5 ** * 

- — , v_/ •• 

* What is a" sequence and what is a series, 9 We wi$ answer these ques- 
tionJ^y examining an interesting -program, oAe that will use a feature £>f 

* K \ • * ' ' ' ^ 

your calculator .we have not used before. 

• Enter the following program in your calculator: ' 



"i 



\ 
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HP-33E 



TI-5 7 



PRGM 
01 PAUSE 
02 

03 



05 ' 



3 ' 
+ " 

GTO .01 



RUN, R,TN 
FIX 0 , 



LRN 
00 v 

J. 01 
02 
03 
04 
05 
6 



PAUSE 

PAUSE 
PAUSE 

+ , 
3 



RST ' ' 
LRN, RST 



X 



Now let us ,see what this program does. Key 5 into your display' 
and press f R/S k + ^ 




.J 



What you see displayed is called a SEQUENCE,"* a list of specified 



numbers, To stop the program preSsi R/*S again: you may have to hold 
it down for a second or two. You could start again from where you stopped 



by rekeying R/S I , but'instead res^t your calculator by keying SRTN I 



^ (HP3?E) or 



RST (TI-58), And restart by keying in 5, 



Reriyi your program, checking your first tea numbers against the fol- v 
lowing Hst % 

, 'S, 8, ii; 14, 17, 20, 23, 26/ 29, 32 v 'J' 
What we have listed is a sequence with ten TERMS. ,The fourth term is 

14. The fj*st term, which we will designate* a ; is 5. > Ttf5 last term fiji l% 

%> i — 

^this case the tenth) ^hich jjve will designate t (f or last) is 32. * This is 
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an ARITHMETIC SEQUENCE or ARITHMETIC PROGRESSION because 
there is a c bmmon^diff erence d = 3 between terms. What we have listed 
is a FINITE SEQUENCE because there are a specified finite number of 
-terms, 10. If you thiiik of your calculator as running forever, you can 
think of the sequence never stopped as an INFINITE SEQUENCE. This in- 
finite sequence could be displayed as : t 

, * {5/8, li, 14, ... j . 

the three dots at the end meaning "continuing in the same pattern..'' The f ' 
finite sequence could also have been displayed in this form as* 

j 5, 8, 11, . 32 } , * 

Note that in any.case where the dots (ellipsis) are used, enough terms must 
be listed to speci#y the pattern. ' s 



a* 

Exercis.e Set 8. 1 



R/S 



I. Run the program of this section for a time. Stop i^ f 

get a number over 100. List what you believe will\be the next five 
numbers to appear: Check by restarting the calculator f 



when vou 



R/S 



If you made a mistake, try again for the next five numbers until you 

* t 
are successful. 4 , 

2. What characteristic of the sequence gave you your answer in (IP 



3. Form a new sequence generating program Dy substituting for two 
steps of the "pr og r am on pag e 8.1 - 2 : 



HP-33E 
T 



jj- 5 7 



03 S. 06 x 

04 x 07 2 

You can do this by keying over the old steps or by reprogramming> entirely. 
This time start your program by keying 



Record the first five terms of this sequence. 

4. The sequence you generated in exercise (3) is called a GEOMETRIC 
SEQUENCE or GEOMETRIC PROGRESSION because it has 9 common 
multiplier, denoted r (for rate). Find nr for your sequence. fCheck 
by dividing any term by the preceeding term. ) 

5 . What are the next three terms ^fter 192 in your geometric sequence 0 
Answer without your calculator, then check by using it. . 

6. What characteristic of the geometric sequence gave you your answer 
in ( >)*> ' 



\ 

7, What is a, the^ first term of your geometric sequence 9 " 



8. Wh^t is th* last (5tfi) term of your original-geometric sequence 0 

9. , Is an arithmetic sequence also a geometric sequence 0 Check by look- 

ing for a con*{ant r. in the example on page 8. 1 T 3 
10. Is a geometric sequence also an arithmetic sequence 0 * Check by look- 



* _ 9 

ing for a constant difference d in your answer to exercise- (3). 



4 
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11. Reprogram youT calculator as follows: 



HP-33E 

PRGM 

PAUSE 

PAUSE 

2 

x 

3 

GTO 01 
RUN, RTN 
FIX 0 



TI-5 

LRN 

PAUSE 

PAUSE 

x 

2 



R ST 
LRN, RST 



Run this program starting with: 



R/S 



Record the first five terms. 



12. 



13. 



, 14. 



•**Is your sequence in exercise (11) arithmetic, geometric, or neither' 
Try your program with different starting numbers. (Be sure to kev 
RTN or .RST first! ) Record the first five terms in -each case 



ia) 
(b) 
(c) 



2 . 

3. 

The sequence in exercise (13(c)) is called a constant sequeV^e 
Why? 



9 
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15. Identify each sequence in exercise (13) as arithmetic, geometric, 
or neither. 

, 16. Think of some cither rules for generating sequences 



I 



A 



o 
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8. 2 • Series: Sums of Sequences 

- tpyt nf "a ction 8. 1 and in m i 'IT'sT? ) . ( 11), and (13c) for 

that section we generated four sequences with our calculators. We will 

label these sequences for convenience: 

\ 

A = {5, 8, 1 1, 14, 17, 20, . . . J 

G = {3, 6. 12, 24, 48, 96, . . .} 

B = {4, 5, 7, 11, 19, 35, . . .] 

. C = *' (3, 3, 3, 3, 3, 3, . . } 

We will use these examples of sequences to form series 

SERIES are sequences which are sums of other secuences For 

- _ x * 

example we may fornPa, series from sequence A in the following -^ay: 
p « 

Is t te rm . 5 



2nd term* 



5^8=13 



3rd t 



e rm: 



- 5 * 1 i ± 24 



: * 4th terra: 5-8-11- 14 = 38 



and the series associated vtfith sequence A is 



ERLC 



fc(A) = (5 f 13, 24, 38, 55, 75, . . 



Clearly you c ou lei* shorten the calculations /always important for either 
efficiency or laziness) to adding only the next term: 

- / ■ 
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We are often interested in a particular term of a series called a 
partial sum. We will denote partial sums by indicating the number of 

4. 

the term as a subscript. Thus 

S (A) = 13 
S 5 <A) =""55 

Similarly you can check by addition to see that * 

S 3 (G)=21 



How can we use calculators to find the terms of a series 9 

If you thought about that for a few minutes you would see that you could 

do this by modifying your programs for sequences m order to accumulate 

the sums of. terms in the following way: 

1. Place first sequence term in accumulator to form 

— y 2, Calculate next term of sequence. * J 

3. Add this to accumulator 

i — 4. Return to step 2. 

Note that the LOOP we form by .returning from step (4) to step (2) is just 

like the loop we formed in calculating our original sequence There is 

one catch, however; we must retain two separate terms, the term of our 

Bequejice (needed to generate the next term) and the term of our series 

^falso needed tagenerate the n^xt term). We can do^his.by setting up two 

storage locations R. for the sequence term , * 

J* 

R for the series term 



\ 



Now let us set up oujr prograrr^for summing the sequence 5, 8, 11, 14, 



HP-33E 



PRGM 



01 STO 1 

02 STO 2 



TI-57 
LRN * 

00 • STO 1 

01 STO 2 



NOTES 



Store the 
initial term 

in R and R 

1 / 



03 PAUSE 

04 PAUSE 



02 

03 
04 




PAUSE 
PAUSE 



sum so far 



05 


RCL 




; 05 


RCL 1 














Calculate 


06 


7 




06 




the next 


07 
t 


» 




07 


3 


s equence 






08 




term , 


08 . 


STO 


i 


09 


STO 1 


Store it in 



R. 




10 SUM 2 



Add it 
to R 



H RCL 2 



Recall the new 
series (sum) term 



11 G TO 03 



RUN, RTN 
FIX 0 



12 ' GTO 1 



Loop tn 
dis play 



LRN, RS 



2v 
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Now the series program may be run by keying 

5 



* L R/S _ 

Rijn the-program and check your results against the terms on page* 8. 2 - 1.*. 

Several important new calculating concepts are introduced here. The 
first is called REGISTER ARITHMETIC. You can substitute a new value 
for an old one by keying * 

STO n 

But register arithmetic allows you to* modify what is in a register. For 
example, if the number 5 is stor in R and we key 

HP-33E TI-57 * 



8 8 
STO ^-2/ or SUM 2 

i 

The result will be' 13 stored in R^, 8 remaining in the display. By similar ' 
.techniques registers rn4y have their contents modified by subtraction, 
multiplication; and division 

Much more important is what we have designated LOOPING. One 

9 

of the greatest powers k of the programmable calculator (and the computer) 
is this ability to repeat ^operations over and over at ,the .programmer's rn- 
atruction. ' ! ^ 

Some calculators allow looping- simply by a CTO instruction followed 
by a specific step number For example, the HP-33E instructi<£Tr> 



CTO 05 



rt 



8. 2 - 5 

* 

will send the calculator to instruction number 05, to carry on from 
there. Other calculators like the TI-5 7, require a label to be inserted 
where the program is to be sent. In the program on page 8. 2 - 4, for 
example, the label 1 is inserted in step 02. The program is* 

directed to that etep in step 12. 

\ 

Exercises 8. 2 e 

1 - 4 (HP-33E), 5 - 8 (TI-57) 

For each of the following sequences of steps, tell what is in 
R and what is in the display. 

fl) 1 3 ' (2) 5 ' \ - {3} 5 (4) 



C 



STO . 1 STO 1 i' STO 1 ~ STO 1 

4 4 4 W 4 

STO + 1 STO - 1 STO x 1 * STO ; i 



(5) 5 (6) 5 ' (7) 5 (8) 



STO 01 • STO i STO 1 STO 1 



4 4 4 4 



SUJvf 1 INV PRD 1 



ERIC 



SUM 1 . PRD 1 

* (9) Program your calculator to display S(G). (Recall that G is a 
geometric sequence with r = 2. } Record the first six terms. 
(10) Prograrn your calculator to display \SfB), (You may wish to refer 

to, section 8. 1 to recall the generating rule. ) Record the first six terms. 
( 1 1) Program your calculator to display SfC). (Recall that this program is 
the same as that of exeVcise MO) but with a different value of a ) Re- 
cord the first six terms. 

•~ 2S5 " 1 • 
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(12) la the series in exercise (11) arithmetic, geometric or 
neither'' Why? 

(13) . Calculate Sj(A). (14) 
(15) Calculate S^B) ' (16) 



Calculate S,(G) 



Calculate S (C) 



J 
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8. 3 Beating your calculator: Arithmetic Pro gression Formulas 

Since you are the controller of your calculator, you ©ught to, be able 
to beat it at wilW For example, If you want to win at the simplest level, 
ask your machine the sum of 2. 1 Before you have time to touch the 

keys, you know and can "beat" the calculator with the answer, 4. 

But here we seek to beat the calculator in a quite different sense. W 

7 

want to analyze arithmetic and geometric sequences so that we can find 
information like the thirtieth term in a particular sequence or the sum of 



those thirty terms quicker than the brute force method^of calculation of 
sections 8. 1 and 8.2 ' ' 

' To do this we will develop some formulas. In doing so the following 
notation is used: - • 

f a - ~ first term of a Sequence 

d - common difference of an arithmetic sequence 
JL- last term of a finite sequence 

« 

n - number of terms of a sequence 
S n 'X) - sum of the first n terms of sequence X. 

First we examine arithmetic progressions, first term a, common 
differ^Vice d 

1st te rm : a ' 

* ^Rnd term: a + d 

3rd term- a^d*d = a- 2d 

4th term: a x d + d-d = a-3d 



, 2 ^ f 
r 



\ 



/ 



3 
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Do you see the general pattern of the terms 9 - Notice how* the coefficient 
of d is related to the number of ,the term. This suggests the general 
term 

n^ 1 term: a + (n-l)d # * 



This formula is ^usually stated for a finite arithmetic sequence of n 

t 



terms : 



i= a + (n-'l)d 



ERIC 



Example 8. 3. 1 Find the 50th term for the arithmetic progression 

{5, 8, U, 14, ...t 
Solution: Here a - 5 , d = 3, and n x 50, 'so 

1=5+- (50^)3 - 5 + 49-3 = 5 + 147 = 152. 

Now we consider the terrfris of the related series. _ Recall that we 

i 
I 

must add the terms of the cor'res ponding sequence. First we look at the 
Sequence .and series together: j 

K 

TERM * SEQUENCE SERIES 

1 a a 

2 -a+d* < 2a + d ' 

3 f a + 2d «. 3a + 3d 

4 a + 3d ' 4a + 6d 

5 • a + 4d 5a + lOd 



a + (n-l)d ? 

It appears that the sum is v of the form Sn - na x 9 d, but replacing the ? 
is a problem. We employe great trick/ * , . f * 



. ' 8.3 - 3 

\ 

til ^ ? ' 

First recall that, the n term is also i. Thus we can say that the 

I 

sum of n terms is: 

V 

S n = a + a+d + a+2d + ...+/- 2d + /Id + jt - 
Now the trick. 'We write this formula twice, the second time reversing 
th^order. 

S' n = w a + a+d + a+2d,4- , . . +/ > -2<J +/ ^ 

S n =,' + /-d + /-2d + . . . + a+2d + a-f>d + a 
and add (1 ): -w* - » 

2S n = a+j! + a+/ + a+/ # + ... + a+j + a+i 4- a + £ 
Now since there were n terms in Sn we can write this as: 

2S n .= n(^+i) 
from which:* 



S n = "Z~ (a +/) 



Example 8. 3. 2 Find the sum of 50 terms of the arithmetic progression 
. (5, 8, 11, 14-. ... . . 

Solution: a = 5 , I - 1 52 (f r om example 8.3. 1 ), and n - 50 * 



50 * 

S = -5- (5 J- 152) - 25- 157 = 3925 
n v- £ 



I , . * ; . ... 

* In example 8. 3. '2, \*re needed to know , in ordepto use the formula 
/ 

* 

forJ5. But we kr^ow a formula for /. We can substitute it in our formula 
for S. 



Since 



I * a + (n-l)d and S - - ( a +/ 



2 



we have 



S = J [a + a + (n-l)d] = j[2a + (n-l)d] 



We can multiply out the brackets to get 

c ^ x n(ri-l) 
5 = na + — d 



(*) 



which relates to the values of. the table on 8. 3 - 2.., but the formula'is more 

often given in the earlier form 

1 



S = f [2a 4- (n-l)d] 



\ 



Example 8.3 J 3. Find the sum of ten terms of the arithmetic 
progression -5, -3, -1, . | 



Solution: a - - 7, d = 2, n = 10. 



10 



S = -jr [2(-7) + (10 , 1)2] = 5[- 14 + 18] = 5-4 = 20 



ARITHMETIC ^PROGRESSION FORMULA SUMMARY 



X = a + (n- l)d 
S n = | (ax/, 

= J [2a + ( n -l)d] 



Exercises ^8, 3 ' 

Given the arif^netic progressions 



P = 



{l, 5, 9, .\ } 



Q = {.19, .16, -13, . . .} 

r = J12; . . . 1 



2..u 



This fprmula will be referred to later in Exercise 14. 



s - 'Co, Q. 75, 1. 50, . 
. . t = fr, 2, 3; 

use formulas 'developed in this sectionjto answer the following: 

» . v 

1) Find the tenth' term of each sequence 

2) Using (1) find the sum of the first ten terms for each sequence. 

3) . Find S 15 (S). 4) Find S^fQ) ^ 

5), Find S 30 (P) 6)'^ Find S 3Q (R) ^ 

7) What isyjthe n th 'termof T? - ' 

8) Notice the difference in g^n of the answers m exercises 4) and 6) 
frorfT^the initial terms of the sequences added. How do you explain , 
this 9 * ' . 

9V Find S (T). Your answer will be in terms of r\. 

f0\ Now it is time to see if you can beat your calculator . Using the first 

r. ♦ 

program of section 8, 1, time yourself as you fihd the 30^ term in 
the sequence | 5, 8, 11, 14, . . J (Note: you will have to count 
as the calculator displays terms until you come to the 30^ ) Record' 
this 30^ term as well. . , 

11) N<j^ time yourself as you calculate the 30^ term of ^5, 8, 11, ,14, 
usin^ an arithmetic progression formula. Check your answer against 
that of exercise 10; th.e answers sHould be the same (If* not" did you 
forget to count the starting term, 5? ) Why are your times different 0 

12) Repeat exercises 10) and 1 1) but using the first program of section 
,8.2 to find the sum of the first 30 terftis of ^5, 8, 11, 14, . j . 



291 



f 



13) In a famous story the young mathematician, Frederick Gauss, 

answered a school question designed to keep^studentfc busy, in a 

matter of seconds. The exercise was to find the *sum of the first 

100 counting numbers. Gauss did not have our formulas handy, but 

/ * 

he may have used the Irick of our proof on page 8 3-3 Solve 
Gauss's problem by this, method. Start with ««* 
S = 1 + "2 + 3 + . . . 98 + 99 + 100. 

14) Recall that the terms of the series in the table on page 8.3-2 were 
* | a, 2^+d, 3a + 3d, 4a 6d f 5a - lOd, , . j Compare the terms 

of this series with the formula marked (■') on page 8 3-4. 



2'* 



. ) 



8.4 - 1 



\ 

8 - 4 Beating your calculator: Geometric P r ogression-Fo rmulas 
<- * » 

In this, section we seek formulas for the n term and the^sutn t)f n 
terms of a geometric progression. Here we will be c once rned*with r f 
the common multiplier or rate, rather than d, the difference between 
terms. Otherwise the notation --a, n, \, *S (xj will remain the 



s ame . 



First we examine the terms of a geprnetric progression: 



l st term: 



9 nd . 

L term: 



^d 



term: 



ar 

0 ar • r = ar' 



ar 2 * r = ar^ 



4 term: 

Here the pattern should be clear. 

th , tw n ~ * 

n term (1) ar 

and we state this formula 



■ \ 



ar 



n- 1 



3 met 



V 



Example 8.-4, 1 Find the fifth term of the georjEh'ric progression 

* 

{?, 14, 28, . J . 
Solution: Jvl ost thinking people would merely double twice more 
but the formula solution is 

/=7-2 4 =7 - 16 =112 



9 

ERIC , 

MffllffllffiffllUIJ / 



9 a 



Example 8,4,2 . Find the tenth term of the sequence 12, -6', 3, -~ 
Solutions Here a = 12, r = - ^ , p = 10 

* i - 12 

• 2 

Check with your calculator"." that this is J. = -.0234375 and 
that this is also ^ = -3/128 * ^ 

Now' let us attempt to derive a formula for S_(X) where X is a 



geometric progression. 
TERM 



1 

2 

-3 

4 



SEQUENCE ' 



a , 
ar 

2 

ar 



SERIES 

I 

a L> 

+ ar 
▼ a - ar r 
a + ar^ 



ar 



V 



We should have epcpected something messy like this becai*se^we are multi 7 



plying i^t: 



formula as 



the sequences and adding in the series. At any rate /writing our 



S n - a * ar" t ar -ar + 



. . n-2 n- 1 
+ ar - ar 



is no. shortcut. It is r^ierely adding' /ill of the sequence £erms. We could 
have done that without a formula. 

But now is the^time fnr another trirk (In stage plays this is called^ 
deua ex machina - -^mechanical contrivance or godly intervention ) Here- 



If*your calculator will not.accept a negative base in the calculation, 
determine the sign of the answer by observing that even numbered 
terms are negative, then calculate the decimal using 1/2 as. base 



•J 



8.4.: 3 



is ours: we multiply each term by r, giving: 

t * _ -> 4 

rS_ = ar t ar^ + ar^+ ar** + . 



. ,n- i , *n 
.+ ar + ar < 



and subtract from the first equation to get: 



a - ar 



the other terms having dropped out in. the process 
f^ow we can factor the left member * 



^n 
\ 



f 1- r ) = a - ar 



and divide by 1 - r to obtain 

\ 





' • ' n 




a - ar 


S n = 


1 - r 





Example -8. 4. 3 Find the S^fX) 'where X = £l00, 110, 121, ...J 



Answer correct to two decimal places. 
Solution: *a = 100, r = 1. 1, n = 6 



_/-»- 100 - 100 (1. 1) ■ 

6 1-1.1 



lod <i y - loo 

o. 1 



^ Check by ;alculator that this simplifies to V 



S, * 771. 56 



(changing signs 



Ln our development of arithmetic progression formulas we also hau ■ 
formula for S n involving^?. Noting that 1= ar 11 1 glnd. = ar 11 we 

can substitute this in the boxed formula above tbget 



a - r J 
1 - r » ^ 



ERLC 



2.96 



8. 4 . 4 



In summary we haye the three geometric progression formulas 




The alternate formulas are the result of changing the sign of numerator 
and denominator of the first formulas. They are useful to*keep signs 
positive fti exercises like example 8.4 3. . « 



Exercises 8. 4 11 

; . f 

1 - 8. Find the indicated term. Be sure to determine first what kind of 
sequence 'y,ou have. 



1) (50, 10, 2, . . .] 10 th 

3) fl, J). 4, 0. 16, * . .] 7 th 

r ^ t tb. 

5) 11, sin©-, sin ©• , .] 8 

7) {l, 2, 4, 7, 11, 16, '. . .] 8 th 

9 - 16. _ t ind the sum of each sequence 

9) {40, 20, 10, . . .J h terms 

11) (l, - i ^ , . . .} - 8 terms - 

13) [-18, -6, -2, . 13 terms 

15) J l, 2, 4, -8, . . . , 1 6384| 



12 



th 



2) {l. 2, 1 08, 0 96,^ . } 41 
4) [l8, -6, 2, . . .} 



6) {tan©- 



st 



1, <Un ©-,-. . } 30 



th 



8) 



th 



1^) {l, 1/2, 1/4, . . .] 20 terms 

12) {4, 2. 5, 1, . . .] 12 terms 

14) {3, 3. 25, 3.5, . . ,} 16 terms 

16) f 500, 250, 125, '. . . , 3. 90b25} 



17) Now ^e test again to see rf your shortcut formulas beat the calculator 



( 



* th 



program. Use the program for 3 of section 8. 1 tcf find the 20 term 
of the geometric progression £3 6, 12 ( 

2'A 



j. Record th^time taken/ 



8.4 -5 

18) Find jt, in exercise 17 by formula using \your 'calculator but not the 
program. Record how long it takes you and compare with your time 
in exercise 17. ' 

19) Use the procedur^s^of exercise's^ 17 and 18 to compare times to find 
the sum of 20 terms dt_the geometric progression S 5, 1, 0, 2, . \ ) 

\ ' r ~ ^ 

20) Use the identity' ' * ' „ 

l + r + r 2 , r 3 + ... +r - 1 ±zJL-" 

L - r 



( 



\ to conve rt - 

7 1 
S = a + ar + ar- + . . . + ar n " ~ 
n 



n 

to the formula S = a I ar 
n . 1 - r 



21) ^1, 10, 100, 1000, is a geometric progression. What kind of 

sequence is the one formed by taking logs of each terr^i 0 (U=e your 
* 

calculator to convert if necessary ) 

22) [lO, 1, 0.1, 0.01,....] is a geometric progression. Wh^kind 
' of sequence is formed by taking logs of each term 9 

23) Write the log equation f<£r X- ar* 1 " 1 , How does this answer compare 

with the arithmetic progression formula for 'Jt> 

i 



24). ^ [l, 3, 5, 7, ... J is'w 

^ by using these terms as powers of 4* ^4 \ 4 3 , . . . j . What kind of 



arithmetic progression. Form a new sequence 

bv USinP the^ p h^rms nowo r c n$ A> f A^ A ^ 

/ # 



is this 9 



25) Using the ideas of exercise 24, show that by using the terms (of the arith- 
^metic progression | a, a + d, a + 2d, . j 

as powers of x (x*> 0) the new sequence formed * ' * - 



are good at polynomial division you can check this by dividing 
q 1 " r^j*l + .Or ~ . . -0r n " 1 -r" You may wish tt> try special cases like n ' = 4 



-J 



fx*. *■♦<;...} 

is a geometric progression, 
26) How are £ and d related in exercise ?5 



-j 



V 



2 



ERIC 



\ 
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8. 5 Counting Loops* t - 

- t 

|In sections 8. 3 and 8. 4, jrou should have realized that we were unfair 
to th6 calcut^of when we used the formula and forced the calculator tcy 
calculate terms (wi^h long pauses between calculations. ) If we had pro- 
grammed the formulas^into the calculator all of us but calculating prodigies / \\ 
would have lost the races set up in the-^xe raises . 

_ We "have also used very rudimentary programs for our computations. 
After all, if we'jre interested in only the 30th terrn of a program, wljy dis- 
play all the terms up to that one *f And why-ask ourselves to keep count 9 
In this section we assign counting to th^ calculator ^and in the next.we program 
it to calculate answe r% directly. b 




Counters are easy to ;nsert into loops.. ^Merely establish a new^storage, 
location, say R Be sure that this is rJ ot used in atheXparts of your 




^ program. Set R^ = 0 at the beginning of p><^lm operation an3 thVn insert 
following steps at an appropriate place in your loop: 
HP-33E tl-57 



I . • . 1 

STO +5 • SUM 5- , 



To "show how this works, here ire programs that will just include this 
counter, displaying the result at each step: 



9 

ERIC 



29 



8.5.2 



01. 
02 
T)3 

"04 

05 
06 
07 



HP-33E ^ 

PRGM 
V 
. STO 5 
* 1 



STO + 5 
RCL 5 



PAUSE 
GTO4|03 i 
f^UN, RTN 





TI - 57 








-LRN 


00 


0 


01 


STO 5 


02 


Lbl J. 


t>3 


1 


04 


SUM '5 


05 


RCL 5 - 


06 


PAUSE* 


07 


GTO 1 



/kRN, RST 



Now let's insert that counter into a program* to let it-'takd over our 



counting of steps. W,e will do this by modifyiijg ouif program of section 



8. 1 for generating sequence terms. We^ll apply the technique/to our 



old 



friend 



(2, 5 , ;8 ; i 



ERIC 



Here are the programs . 


We 


will use 


R 0 = a 
u n 




n term), Rj = n 


( the counter) 


HP- 33E 




* 


T* T C 1 

L L — -J 1 




Comments 




PRGM 


* > 




LRN 






01 


STO 0 




00 


STO 


o 


a into Ro 


02 


0 


* 


01 


0 ' 




set counter R^ 


03 


STO 1 




02 


STO 


r 

I 


. 04 


1 




„03 


Lbl 


1 




. 05 


-STO + 1 




04 








06 


1 RCL 1 




05 


SUM 


1 


•* 


07 


' PAUSE 




' 06 


RCL 


1 




08 


'' RC L 0 












, ■ ■ 09 


PAUSE 










* 


10 


3 













\ 8.5-3 



11 «STO +0 * , %> Increase counter 

12 • GTO 04 07 PAUSE * ' ' 'fcy 1 and' display 

RUN, RTN 08 

Display a n 
Calculate a 




n+1 



/ ' 12^ GTO' 1 Loop 

LRN, RST 



( 



Enter this program in your calculawr. To run it key . ^ 

2 (this is a) 

R/S" * - 

.Your calculator will display \ then a Note how much faster it runs 
& n 

than our earlier programs because we inserted fewer PAUSJls. 



V Exercises 8. 5 

1 - 4. Use th£ prograijn of this section to find • 

' l l a io'. - •: * 2 > a iz ' K a 3o . 

• * ^ 

4) Time your calculator to find how long it takes to calculate a. 

f 

5) Use your answer in exercise (4) to determine to the nearest tenth 

. . f 

of a second how long it takes for the calculator to cbmpl^^ each loop. 
6 - Modify the program of this section to generate the geometr ic*pr o - y 

i * 

gression ^3, 6, 12, with a counter^ Use ;t to find 

.6) a 1Q ,7) 8) . • 

9) How long does it ftke your calculator to calculate a for this sequence 

^ 40 

10) * What term in this sequence is 196, 608 ? f , • 

t 

11) How many terms of this sequence are required to generate a term over 
100, 000, 0^0 9 

30] 



8. 5 . 4 



Modify the program for S^X) for X =^5, 8, 11, . . .} (see 
8. 1 -2 ) to include a counter. Use it to calculate S^fX). 
Modify the program of exercise 12 to calculate S-(Y) for 

♦ 4 

Y= f3, 6, 12, ..,.2 , Use it to calculate S (Y). 




v 8.6-1 

- '• .' • • / 

8 6 Machines that Think 



There is a useful word in the English language, anthr opomo rphifce , 
which m^ai^Pk assign human characteristics to non-human things. Thus 
we have '(often in children's fairy tai^fs and nature stories) animals 
talkihg/ flowers falling in love, or even a caterpillar smoking-a pipe. fj 
Now anthropomorphization is beirte taken out of the *>orld of literature and 
extendednnto the real world of modern science: s omp' scientists speak^ 
seriously today .of machines that think. We have seen them following in- * 
structions quickly and accurately. (For many of us tl^pse are not human 4 
traits. ) But we have not yet let tlrem perform their M most*human M role: 
making decisions. We do so now. 

What*shall I do tonight 9 What TV channel should we watch 9 Shall 
I go to college 9 To answer these questions we make decisipns: in these 
examples very complex decisions. As logicians analyze these questions 
they find that most can be reduced to one or more so-called binary ques- 
tions, questions that h&ve only two possible answers: yes or no. 

In numerical work the decisions may be further refined to questions 
like * , 

Is a = b 9 Is a > b 9 Is a > b 9 



t . 
For specific values of a and b, . these questions have yes-or-no answers. 

We can program the ca'lctfLator to ask such questions and do different things 

depending on the answer. This clo*ely mirrors \he kind of human decision 

( 



30o 




\ 



8.6-2 





f 






k YES 


Go to t^ie 




movies 

i 



Suppose we wish to find the 20^ term of the sequence / 2, 5, 8, . . . 1 
In section 8. 5 we programmed our calculator to count the nurr^ber of the 
term so now we can examine that number to see if it is 20 as follows: 

4— 



LOOP 
again 



NO 




YES 



Display a * 

,20 4 

and stop 



Different calculators have different deci^i\ji making procedures The 
HP-33E compares the x-register with the y- register, If the answer to 
the questioruas.ke^ is YES, the calculator continues to the next step; if 
the answer is oNO, however, the calculator skips a step. 



REGISTER* 



PROGRAM 



ERIC 



20 




19 X = y? 

r20 GTO 22 

21 GTO 5 

422 RCL 2 



YES- 



REGISTER ^PROGRAM 

A 



19 x = y° 

20 GTO 22 
L 2 1. GTO 5 .<J» 

22 RCL 2 




NO 



The TI- 57 does not have a y-register so a special store called 'a 
t- register is estylished. A number is placed in the t- register, R , by 



f ) t 

use of the vx J tj key. Thus if we wish to place 20> in R , we merely 

\ v. - • 



8.6-3 



key 20, !x ^ t<. That number now becomes our comparison for the 
•question, "Is x = -f 9 " An example follows . \ — >\ 



REGISTER 



PROG RAM 



20 



20 



•20 GT02*J 
21 G TO 1 



1*28 Lbl 2 



REGISTER 



20 



19 



PROG RAM 
•10 Lbl 1. 



19 x= t° f 

20 22 . 

21 GTO 1 



28 LBL 2 



NO 



The key to programming decisions is SKIP ON NO This is a * 
useful phrase to remember „ ^ 

• Now let's set up our program to find the 20 th term of fl, 5, 8, . . ^ 
So that we can use the program to find other steps we will stoj^e-the 20 
outside the program. Thus we will use 

HP-33E 

current term 



R 



number of current term R 
stop term/number R 



0 



TI-57 



^0 
R. 



- R. 



< 



/ 



( 



ERIC 



30; 



n 



7 



Here is fee program: 



8 6-4 



A 



•HP-3 3E 



PRGM 



TI-57 



LRN 



01 


STO 0 * 


00 


STO 0 




* 


• 01 




02 


0 


02 


STO I 


03 


STO 1 


03 


LbK 1 


04 


1 


04 


1 


05 • 


STO + 1 _ " 


05 


SUM 1 


06 


RCL 2 


06 


RCL 1 


07 


RCL * 


07 


x = t* 


08 


x = y 0 


08 


GTO 2 


09 


GTO 16 


09 


PAUSE 


10 


PAUSE * 


10 


RCL 0 


1 i 


RCL 0 * 


1 1 


PAUSE 


12 


PAUSE * 


12 


3 . 


ir 


3 


13 


SUM 0 


14 


STO + 0 


14 , 


- GTO 1 


15 


GTO 04 


15 


Lbl 2 


Ik 


PAUSE 


16 


PAUSE 


17 - 


RCL 0 


17 


-RCL 0 


18 


R/S * 


18 


R/S 




RUN RTN. 


19 


RST 



3l f r> 



These steps are included to display the loop results For a faster prog nam 
£P^£" they may be omitted. * 



8.6-5 



7 



To run the program, key 



> — i 



STO 2 

R/S / 



TI- => 7 

20 
x^t 

? 

R 'S 



Exercises 8 6 



A. 



o questions which have opposite answers to 'number comparisons 



are: 



x = y 9 



and x / y 9 

Give the oppoS it^%ijes tion to each of the following: 



•1} 


X 


> y 


2} x > 


\r 




3) x < 0 




4) 


What 


would have happened to the programs 


of this s ection if 


you 


had 




used 


the decision key 


x > y 9 or 


X > 


t 9 


instead of 


x - 


- .y 9 



'6) 



7) 



or 



x = t' 



9 (When calculations are involved it is often useful 



to use the inequality keys because c;f rounding problems ) 



5) Develop a 




for me n term of a geometric progression usitig 4 



the formula of section 8. 4. Make it so that you would key in successively. 

n^ Use it to fixfti the 8^ term of ^3, 1.5, . 75, . . j . 

su*i of n t^rms of an arithmetic* progi -Sa 
sing a formula of s£c4ion 8. 3. Use it to find the 
er« between 200 and 300. (How many are there 9 } 

like the one of this section to process the geometric 

^ .... J 
I calculating b tor n i, <d, 5, . 



seqKi^nce • |j, i.o, .id, . . 



9 

ERIC 



v . 8.6-6 

Include a counter and a decision that will'allow you t;o preset your 

'program to stop at given n. Use R n = a , R = n stopping (of 

- ^ n 1 i 

> _ ^current term) H, or R = term nui*b<»r 

£ t * 

8) Modify your program in exercise 7 s o tiTaFHt will receive any rate)^ 

r for a geometric progression. Use R n /= a , R = n {of current 

term), R or R = stopping term numj/er, R = S and R. = r. 
4 L t < ' % 3 n 4 

.9) Scientists involved in the field of Artificial Intelligence build mafiy 



ERIC 



yes - no 'decisions like Aose of this section into very complex machines — 

J * > t , 

tKat g\jid$airplanes, operate extensive sections of factory asserr^bfy 
lines, and analyze* political situations. What are some human activities ^ 
that you think computers can never achieve 9 * * 




\ 



3" 



1 * Test 8.7 - X 



Chapter 8 TEST ' ^ 

• * ♦ " 

Find the indicated term off each of the following sequences: 

1) flO, 7, 4, 1, ...] 15 th 

2) • {50, 52,50, 55, . . .} ' 9 £h , 

3) {1024, 512, 256, * . .] Il2 th 

4) {3, 2,4, 1.92, ..:} 6^' - 

Find the sum of each se^ience 

5) (800, 750, 700 . 21 terms . 

0* 

6) f8, 4', 2, 1. .... J 10 terms 

7) {5t 31, 5 - 3-2, 5-3-3, 5 - 3 4, . . .} 20 terms 

8) ' a x - 81 • 2 /3 | 

a 2 = 81 • % ^ 

a 3 - 81 ■ 8 /27 ' 

' S 7 ' ? ' ' 



9) a) After working 30 days you areetfititled to. a single pay- 
ment of a million dollars ox lcTEhe first day, 2c the second 
4c the third and so on, doubling the amount you are paid j6n 
each succeeding day. Determine the better offer by careful 

coicaiaLiuii *}* u ^iiuxuciL-e nuw luulli mm e you wlij. leCexVe, 

10) Find the sum of the first two hundred natural numbers. 

V 

11) A piece of paper is folded in half 30 times.- How high will 
the stack of paper be when finished? Assume the -paper is 
.001 inchas thick to start with. 

12) , A ball is dropped from the Empire, State Building and it 

drops 16 ft. the" first second, 48 ft. the second second, 
^ 80 ft. the third second, etc. Find, to the nearest 

tenth, of a second, the time it will take to hit the ground. 

Note: the Empire State Building is 1,472 ft: high. 



